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In modern statistical analysis, the ability to extract meaningful insights from complex,

high-dimensional data has become increasingly vital. This dissertation explores advanced

Bayesian methodologies aimed at addressing challenges inherent in statistical estimation,

particularly in high-dimensional contexts where traditional methods often fall short. Specifically,

we focus on three primary contributions: Bayesian nonparametrics, generalized Bayesian

frameworks, and conditional density estimation.

The first contribution presents a novel approach to mixture modeling and clustering,

employing a modified Dirichlet process mixture model. By introducing a quasi-Bernoulli random

variable to adjust the stick-breaking process of mixture weights, we achieve improved estimation

of the number of clusters while maintaining computational efficiency. Our theoretical results

demonstrate that, under certain conditions, the posterior distribution effectively converges to the

true number of clusters, leading to enhanced model performance in applications such as clustering

brain networks.

The second contribution develops a generalized Bayes approach that bridges optimization

techniques with Bayesian modeling. This novel framework, termed bridged posterior, facilitates

efficient uncertainty quantification while retaining the flexibility of Bayesian inference. Our

findings reveal that the
√
𝑛-adjusted posterior distribution converges to the same normal

distribution as that of the canonical integrated posterior, thus dispelling prior misconceptions

14



about the implications of optimizing latent variables on parameter uncertainty. This approach is

applied to various settings, including maximum-margin classification and latent normal models,

showcasing its practical advantages.

Furthermore, we propose a posterior inference approach for model parameters that are

defined as the solutions to optimization sub-problems, by using the first-order optimality. This

method, termed the gradient-bridged posterior, is amenable to efficient posterior computation, and

enjoys theoretical guarantees, establishing a Bernstein–von Mises theorem for asymptotic

normality. This can be understood as a alternative model to the Bridged posterior framework to

enable concentration around partial minimizers. The advantages of our approach are highlighted

on a synthetic flow network experiment and an application to data integration using Procrustes

distances.

Lastly, we address the challenge of conditional density estimation for high-dimensional

responses, such as images. We propose an Augmented Posterior Conditional Density Estimation

(AP-CDE) framework that leverages normalizing flow neural networks to model complex

relationships between predictors and high-dimensional responses. Our method enables the

effective separation of relevant variations from noise, significantly improving interpretability in

applications involving image analytics.

Through these contributions, this dissertation advances the understanding and application of

Bayesian methodologies, offering novel solutions for statistical estimation in nonparametric and

semiparametric settings.
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CHAPTER 1
INTRODUCTION

As modern data collection continues to expand in both size and complexity, the need for

advanced statistical tools to understand and model data has become critical. Bayesian

nonparametrics and semiparametrics have emerged as essential tools for statistical modeling,

offering flexible frameworks that adapt to the complexity of real-world data. This dissertation

explores large sample theory and applications in these domains, specifically focusing on density

estimation, clustering, and conditional density estimation. We propose several Bayesian

nonparametric models to solve some key issues, e.g., inconsistency of estimating the number of

clusters, provide theoretical guarantees in large sample theory and demonstrate the advantages

using simulation and data application. This dissertation also constructs a bridge between

optimization and generalized Bayesian semiparametric methods, with large sample consistency

theory.

1.1 Bayesian Statistics and Density Estimation

In real-world scenarios, data often comes with inherent variability due to random noise,

measurement error, or other sources of randomness. To extract meaningful insights from this data,

it is essential to estimate underlying parameters that characterize the population or process

generating the data. These parameters, such as the mean, variance, help understand and

summarize complex data. Since they are important, we not only want point estimation, but also

would like to know ranges which cover the true parameters with high probability—this is the task

of uncertainty quantification.

In some cases, when we characterize the generative probability distribution using infinite

many parameters or we assume that the distribution is sampled from a general function space, the

model is called nonparametric. In traditional parametric methods, the population density is

assumed to follow a known distribution (e.g., Gaussian), but real-world data often exhibit much

more complex structures that cannot be adequately captured by simple parametric models.

Nonparametric approaches, on the other hand, allow the data to dictate the shape of the

distribution, providing flexibility in modeling a wide range of data patterns.
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In some real-world problems, we are interested in two parts of parameters, where one part is

parametric (finite many parameters), while the other part is nonparametric (infinite many

parameters). We refer to these models as semiparametric models.

1.1.1 Bayesian Framework

In a Bayesian framework, the parameter or function of interest is treated as a random

variable, and prior knowledge or beliefs about it are encoded in a prior distribution. Once data are

observed, the prior is updated using Bayes’ Theorem to obtain the posterior distribution. Suppose

we have iid observations 𝑦 = 𝑦1:𝑛 := (𝑦1, . . . , 𝑦𝑛) from unknown distribution 𝐿 (𝑦; 𝜃) with

parameter 𝜃 ∈ Θ. Given data, the posterior distribution of the parameter 𝜃 is:

Π(𝜃 |𝑦) = 𝐿 (𝑦; 𝜃)𝜋0(𝜃)∫
Θ
𝐿 (𝑦; 𝜃)𝜋0(𝜃) 𝑑𝜃

where 𝐿 (𝑦; 𝜃) is the likelihood function and 𝜋0(𝜃) is the prior. The posterior distribution

combines the information from the prior and the observed data, allowing us to both estimate 𝜃 and

quantify uncertainty.

1.1.2 Density Estimation and Mixture Model

One key problem in statistics is density estimation, where the goal is to infer the underlying

probability distribution that generated a given set of data. Density estimation plays an important

role in many fields, including anomaly detection, clustering, and generative modeling. For

instance, in image generation, density estimation models like normalizing flows learn the

underlying distribution of image datasets, allowing for the creation of realistic images by

transforming simple latent variables into high-dimensional pixel data; in finance, density

estimation is used to detect anomalies by modeling the distribution of normal transaction data,

with outliers indicating potential fraud or irregular market activity.

Formally, given iid observations 𝑦1:𝑛 from some unknown distribution with probability

density function 𝑓 ∈ F , the goal of density estimation is to estimate 𝑓 . Parametric methods

assume that 𝑓 belongs to a specific family of distributions (e.g., Gaussian), but such assumptions
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are often too restrictive for complex real-world data. Nonparametric methods, on the other hand,

make fewer assumptions and allow for greater flexibility in modeling the underlying

data-generating process.

Among rich density estimation methods, mixture models are frequently used to analyze data

with unknown group/cluster structure. Suppose

𝑦𝑖
𝑖𝑖𝑑∼

𝐾∑︁
𝑘=1

𝑤𝑘F (𝜃𝑘 )

for 𝑖 = 1, . . . , 𝑛, where F (𝜃𝑘 ) is a distribution parameterized by 𝜃𝑘 , and 𝑤1, . . . , 𝑤𝐾 ≥ 0 such that∑𝐾
𝑘=1 𝑤𝑘 = 1. Using the Bayesian framework that posits a prior distribution for the weights

𝑤 = 𝑤1:𝐾 := (𝑤1, . . . , 𝑤𝐾) and the parameters 𝜃 = 𝜃1:𝐾 := (𝜃1, . . . , 𝜃𝐾), one can infer the

posterior distribution of the weights 𝑤 and the parameters 𝜃, as well as the assignments of data

points to mixture components, which yields a clustering of the data (Fraley and Raftery, 2002).

1.1.3 Conditional Density Estimation

A conditional density characterizes the probabilistic behavior of a set of random variables,

when information on a set of other variables is available. The case of a single variable 𝑦 (the

response) conditioned on a multivariate 𝑥 (predictor) has received most attention in the literature,

due to a wide range of applications. A number of methods have been proposed to address the

conditional density estimation problem from observed data. Kernel density (Terrell and Scott,

1992; Botev et al., 2010; Kim and Scott, 2012) and k-nearest neighbors (Mack and Rosenblatt,

1979; Kung et al., 2012) based techniques have been extensively studied and employed in

applications. Another popular approach uses a mixture model of the form

𝑓 (𝑦𝑖 | 𝑥𝑖) =
∑𝐾
𝑘=1 𝑤𝑘 (𝑥𝑖)𝑔(𝑦𝑖 | 𝜃𝑘 (𝑥𝑖)) over data index 𝑖 = 1, . . . , 𝑛, with

∑𝐾
𝑘=1 𝑤𝑘 (𝑥𝑖) = 1 and

potentially 𝐾 →∞. In the mixture model and for continuous 𝑦𝑖, 𝑔(·) can be a location-scale

density, such as a multivariate Gaussian one with mean 𝜇𝑘 and covariance matrix Σ𝑘 . Importantly,

the mixture component parameters 𝜃𝑘 as well as the mixture weights 𝑤𝑘 are some deterministic

transforms of the 𝑥𝑖’s, hence allowing the mixture distribution of 𝑦𝑖 to vary according to 𝑥𝑖. There

18



is a large literature in such a framework, see, e.g., Jiang and Tanner (1999); Geweke and Keane

(2007); Villani et al. (2009); Norets (2010); Huang et al. (2022) and references therein.

The conditional density estimation framework has a wide range of statistical applications,

besides serving as a nonlinear predictive model for 𝑦𝑖, including outlier detection and

classification. In the first case, by evaluating the magnitude of 𝑓 (𝑦𝑖 | 𝑥𝑖) for each observed data

point, one could identify those points in the bottom density quantile as potential outliers (Scott,

2004; Schubert et al., 2014). In the latter case, when 𝑥𝑖 is a discrete class label, such as whether a

patient is in disease status, with a class probability 𝑝(𝑥𝑖), 𝑝(𝑥𝑖 | 𝑦𝑖) ∝ 𝑝(𝑥𝑖) 𝑓 (𝑦𝑖 | 𝑥𝑖) could be

used as a probabilistic classifier for predicting 𝑥𝑖 (Garg and Roth, 2001).

Despite significant advances in conditional density estimation, in recent years, a number of

major challenges are not satisfactorily addressed for a high-dimensional response 𝑦𝑖 ∈ R𝑝, such as

an image. Hence, the focus of the current work is on the case of a high-dimensional response

𝑦𝑖—rather than low-dimensional response conditioned on a high-dimensional predictor 𝑥𝑖 in

extant literature. For the latter, a large class of solutions exist, such as BART (Chipman et al.,

2010), that partition the high-dimensional space of 𝑥𝑖 and use simple piece-wise distribution (such

as spherical Gaussian, or Bernoulli) for the low-dimensional 𝑦𝑖 in each region. Obviously, this

strategy does not be applied to high-dimensional 𝑦𝑖.

1.2 Bayesian Nonparametric Generative Models for Density Estimation using
Stick-breaking Process

In practice using the Bayesian mixture models, in addition to 𝑤𝑘 and 𝜃𝑘 , we usually do not

know the number of clusters either. Stick-breaking models provide an appealing solution in which

the number of mixture components 𝐾 is infinite, and the number of clusters in the data (that is, the

number of components that the data are assigned to) can be any finite number. A general form of a

stick-breaking model for the mixture weights 𝑤 is

𝑤1 = 𝑣1 and 𝑤𝑘 = 𝑣𝑘
𝑘−1∏
𝑙=1
(1 − 𝑣𝑙) for 𝑘 = 2, 3, . . . , (1-1)

19



where 𝑣1, 𝑣2, . . . are drawn from some prior distribution. The interpretation is that starting from a

stick of length 1, for each 𝑘 we break off a proportion 𝑣𝑘 ∈ [0, 1] from the remaining stick, and

use it as the weight 𝑤𝑘 .

Many priors have been proposed for the distribution of 𝑣𝑘 . Perhaps the most widely used

one is 𝑣𝑘 ∼ Beta(1, 𝛼), with which the probability distribution
∑∞
𝑘=1 𝑤𝑘𝛿𝜃𝑘 (·) yields a realization

of the Dirichlet process with concentration parameter 𝛼 (Sethuraman, 1994), where 𝛿𝑥 (·)

represents the Dirac measure which satisfies 𝛿𝑥 (𝐴) = 1(𝑥 ∈ 𝐴) for any measurable set 𝐴. More

generally, when 𝑣𝑘 ∼ Beta(1 − 𝑑, 𝛼 + 𝑘𝑑) with 0 ≤ 𝑑 < 1 and 𝛼 > −𝑑, one obtains the

Pitman–Yor process with discount parameter 𝑑 and strength parameter 𝛼 (Pitman and Yor, 1997;

Ishwaran and James, 2001).

The Dirichlet process mixture model offers a flexible way to model data distributions

without the need to specify the number of components beforehand, which makes it widely

applicable in fields such as genomics, where clustering gene expression profiles is crucial. In such

settings, Bayesian nonparametrics enables the discovery of latent structures in data without

overfitting, as the Dirichlet process shrinks most of 𝑤𝑘 towards zeros.

1.3 Normalizing Flow Generative Models for High-dimensional Data

When using the mixture models for density estimation, the following two difficulties arise

for a high-dimensional data 𝑦: (i) specification of the component distribution 𝑔 in the mixture

model and (ii) the curse of dimensionality when computing a high-dimensional mixture

distribution. These two points are elaborated in Chapter 5.

These challenges in high-dimensional density estimation approaches motivated the

development of completely different approaches. Normalizing flow neural networks were

proposed to find an invertible mapping between a random variable 𝑦𝑖 ∈ R𝑝 and a latent variable

𝑧𝑖 ∼ N(0, 𝐼𝑝). The neural network is formed by stacking layers of non-linear transforms, each

layer parameterized in the way such that it corresponds to a bijective transform, and the inverse

transform has a closed-form or can be computed efficiently. Using a simple change-of-variable

technique, one could obtain the density 𝑓 (𝑦𝑖) as a transformed density from an independent
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Gaussian one. Examples include RealNVP (Dinh et al., 2016), MADE (Germain et al., 2015),

MAF (Papamakarios et al., 2017), Glow (Kingma and Dhariwal, 2018), FFJORD (Grathwohl

et al., 2018) and iResNet (Behrmann et al., 2019; Chen et al., 2019). Due to the large number of

parameters and expressiveness of neural networks, impressive performance has been exhibited as

a generative model for 𝑦𝑖. For example, in image applications, after training a normalizing flow

network, one could generate a new Gaussian vector 𝑧𝑖′ and push it forward through the trained

network, with the transformed 𝑦𝑖′ often looking as if it were a real photo. Since there is only one

neural network involved (despite a large number of parameters within it), the computation enjoys

high efficiency through stochastic gradient descent. Its expressiveness as a generative model,

tractability of the target density 𝑓 (𝑦𝑖) and good computing performance make the normalizing

flow a compelling alternative to mixture models for high-dimensional density estimation provided

the training data set is large enough.

1.4 Generalized Bayesian Semiparametric Methods

The generalized Bayes approach is becoming increasingly popular due to its potential

advantages in model simplicity and robustness. A generalized posterior can be specified based on

partial information from the data, which appeals when the likelihood is inaccessible or intractable,

or via a loss function that characterizes an inferential summary of the data. There is a

well-established literature on partial information settings including methods based on composite

likelihood (Lindsay, 1988; Varin et al., 2011), partial likelihood (Sinha et al., 2003; Dunson and

Taylor, 2005), pairwise likelihood (Jensen and Künsch, 1994), and others. Recently, there has

been a burgeoning interest in loss-based Bayesian models, including works involving

classification loss (Polson and Scott, 2011) or distance-based losses (Duan and Dunson, 2021;

Rigon et al., 2023; Natarajan et al., 2024). Loss-based generalized Bayes models typically use a

probability distribution called the Gibbs posterior (Jiang and Tanner, 2008), taking the form:

Π(𝜃 | 𝑦) ∝ exp{−𝑔(𝜃, 𝑦)}, where 𝑔(𝜃, 𝑦) is some loss function with 𝑦 the data and 𝜃 the parameter.

There is a vast generalized Bayes literature using the Gibbs posterior for explicit model

weighting, with 𝑔 chosen according to some utility function such as predictive accuracy (Lavine
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et al., 2021; Tallman and West, 2024), scoring rule (Gneiting and Raftery, 2007; Dawid and

Musio, 2015), fairness metrics (Chakraborty et al., 2024) or summary statistics-based divergence

(Frazier and Drovandi, 2021; Frazier et al., 2023). Such an approach also lends itself to modular

descriptions of data (Jacob et al., 2017), and can guard against model misspecification (Nott et al.,

2023). With connections to these methods, our focus is on the case when one wants to adopt a loss

𝑔 from the optimization literature for statistical modeling, while needing to quantify uncertainty

beyond point estimates.

In addition to nonparametrics, this dissertation also delves into Bayesian semiparametrics,

where a model combines both parametric and nonparametric components. Rather than treating 𝜃

as a high-dimensional random variable, we model 𝜃 = (𝑧, 𝛽) with only 𝛽 as a parameter in finite

dimensional, while the 𝑧 can be infinite dimensional. Bayesian Semiparametrics blends

nonparametric flexibility with parametric structure, making it ideal for problems that require both

interpretability and adaptability.

1.5 Organization of the Dissertation

The rest of this dissertation is organized as follows. In Chapter 2, we focus on Bayesian

infinite mixture models, and propose a novel model using quasi-Bernoulli stick-breaking process.

This addresses inconsistency on estimating number of clusters. We use large sample theoretical

analysis and simulations to demonstrate the consistent estimation using our model. A data

application in clustering brain networks using a mixture of low-rank probit models is presented.

In Chapter 3, we develop a new generalized Bayes approach, constructing a bridge between

optimization and Bayesian framework. This novel bridged posterior approach improves

computational efficiency and interpretability, and addresses the challenge of high dimensionality

in the data. We present a large sample theoretical finding about the
√
𝑛-adjusted posterior

distribution, and demonstrate the practical advantages of our approach under several settings. In

Chapter 4, we extend the bridged posterior to a new gradient-bridged posterior, providing tractable

posterior inference to models parameters involving implicit functions. We present the large

sample theory about the posterior distribution, and show the practical advantages. In Chapter 5,
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we focus on conditional density estimation problem for high-dimensional data, e.g., images. We

incorporate the augmented posterior into the normalizing flow neural network. It produces a

generative model for high-dimensional data that uses information from external predictors. We

demonstrate the outperformed density estimation and useful dimension reduction achieved by the

model. Finally, in Chapter 6, we summarize the contribution of our research work presented in

this dissertation, and provide some discussion and potential future work.
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CHAPTER 2
CONSISTENT MODEL-BASED CLUSTERING: USING THE QUASI-BERNOULLI

STICK-BREAKING PROCESS ∗

In this chapter, we focus on a key problem in the field of clustering and density estimation

using Bayesian infinite mixture models.

2.1 Motivation

When the true data-generating distribution is a finite mixture from the assumed family,

Dirichlet process mixture models and Pitman–Yor process mixture models tend to shrink most of

𝑤𝑘 ’s close to zero, leading to a small number of clusters in the posterior. However, Miller and

Harrison (2013, 2014) showed a striking result: neither the Dirichlet process prior nor the

Pitman–Yor process prior allows the posterior distribution on the number of components 𝐾 to

converge to the true number of clusters as 𝑛 increases, even when the family of component

distributions F is correctly specified.

To address this issue, we develop a prior on the 𝑤𝑘 ’s that yields stronger shrinkage while

remaining easy to use. Specifically, we modify the canonical stick-breaking construction as

follows: at each break, we multiply the remaining proportion (1 − 𝑣𝑘 ) by a discrete random

variable that takes value either 1 or 𝜖 . When the latter happens at the 𝐿-th stick, the tail probability∑∞
𝑘=𝐿+1 𝑤𝑘 is strictly bounded by 𝜖 . We show that if 𝜖 is chosen in a sample-size-dependent way

such that 𝜖 (𝑛) = 𝑜(1/𝑛2+𝑟) (with 𝑟 a non-negative integer that depends on 𝛼), then one can obtain

posterior consistency for the number of clusters. In the special case of 𝜖 = 0, this model reduces to

a finite mixture model with a prior on the number of components (Miller and Harrison, 2018),

which also yields posterior consistency for the number of clusters. Meanwhile, in the special case

of 𝜖 = 1 and 𝑣𝑘 ∼ Beta(1, 𝛼), this model reduces to a Dirichlet process mixture.

Therefore, using 𝜖 ∈ (0, 1) effectively interpolates between these two extremes. Compared

to 𝜖 = 0, using 𝜖 ∈ (0, 1) avoids having a singularity at 𝑤𝑘 = 0. This relaxes the parameter space

in a way that allows the MCMC sampler to more efficiently add and remove clusters, rather than

employing an explicit discrete search over 𝐾 . Further, it makes the technique compatible with

∗ Reprinted with permission from Zeng et al. (2023).
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more complex stick-breaking models, such as the ones involving kernels (Dunson and Park, 2008),

geospatial processes (Rodrı́guez et al., 2010), and external predictors (Ren et al., 2011). On the

other hand, compared to 𝜖 = 1, it allows the model to behave effectively like a finite mixture with

a prior on the number of components, leading to superior control on the number of clusters. We

illustrate these advantages in simulations and a data application in clustering brain networks,

using a mixture of low-rank probit models. A software implementation and the steps needed to

replicate the results in this chapter are provided on

https://github.com/zeng-cheng/quasi-bernoulli-stick-breaking.

2.2 Quasi-Bernoulli Stick-breaking Process

In the general form of the stick-breaking construction (Equation 1-1), if the proportion 𝑣𝐿 at

step 𝐿 is very close to 1, then 𝑤𝐿 will take almost all the remaining sticks, resulting in 𝑤𝑘 ≈ 0 for

𝑘 ≥ 𝐿 + 1. Based on this intuition, we introduce the following stick-breaking process:

𝑤1 = 𝑣1, 𝑤𝑘 = 𝑣𝑘

𝑘−1∏
𝑙=1
(1 − 𝑣𝑙), for 𝑘 ≥ 2,

𝑣𝑘 = 1 − 𝑏𝑘 𝛽𝑘 ,

𝑏𝑘
𝑖𝑖𝑑∼ 𝑝𝛿1(·) + (1 − 𝑝)𝛿𝜖 (·),

𝛽𝑘
𝑖𝑖𝑑∼ Beta(𝛼, 1).

(2-1)

Each 𝑏𝑘 follows a discrete distribution such that 𝑏𝑘 = 1 with probability 𝑝 ∈ (0, 1), and 𝑏𝑘 = 𝜖

with probability 1 − 𝑝, for some small 𝜖 ∈ (0, 1). We refer to 𝑏𝑘 as a quasi-Bernoulli random

variable, since it resembles the standard Bernoulli supported on {0, 1}. We refer to Equation 2-1

as the quasi-Bernoulli stick-breaking process (or simply the “quasi-Bernoulli process”). With this

prior on weights 𝑤1, 𝑤2, . . ., we obtain an infinite mixture model by letting 𝑦𝑖
𝑖𝑖𝑑∼ ∑∞

𝑘=1 𝑤𝑘F (𝜃𝑘 ),

where 𝜃𝑘
𝑖𝑖𝑑∼ G from some base measure G; we refer to this as a quasi-Bernoulli mixture model.

Moreover, this marginal representation of the mixture model can be equivalently represented in a

conditional form with the introduction of the latent assignment variable 𝑐𝑖 for each data point 𝑦𝑖.
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Specifically, with 𝑐𝑖 = 𝑘 representing the event that 𝑦𝑖 is drawn from the mixture component 𝑘 ,

𝜃𝑘
𝑖𝑖𝑑∼ G for 𝑘 ≥ 1,

𝑐𝑖 | 𝑤 𝑖𝑖𝑑∼ Categorical(𝑤),

𝑦𝑖 | 𝑐𝑖, 𝜃
𝑖𝑛𝑑𝑒𝑝∼ F (𝜃𝑐𝑖 ) for 𝑖 = 1, . . . , 𝑛.

(2-2)

This conditional representation is useful if one is interested in using the model to perform

model-based clustering.

Note that if 𝜖 = 1, then we would have 𝑣𝑘 = 1 − 𝛽𝑘 ∼ Beta(1, 𝛼), yielding the stick-breaking

representation of the Dirichlet process DP(𝛼,G); whereas if 𝜖 = 0, then we would have a random

truncation on (𝑤1, 𝑤2, . . .). Using 𝜖 ∈ (0, 1) yields a soft truncation that provides advantages

from both of these extremes.

Before we move into more technical discussions, we first illustrate an intuition for why the

Dirichlet process with a fixed 𝛼 (as a data generating mechanism) tends to produce small clusters,

and how our proposed prior mitigates this. Consider the scenario where we have 𝑛 data points

already assigned to 𝐾 clusters, and there are 𝑚 new data points to be assigned. Assume that there

are only 𝐾 clusters in the population, but we are modeling the data as drawn from a Dirichlet

process mixture model. Ideally we want to assign all of the 𝑚 new data into the existing 𝐾

clusters. The prior probability of adding one or more new clusters can be calculated using the

predictive rule (as in the “restaurant process”) 𝑃(𝑐𝑖 | 𝑐1, . . . , 𝑐𝑖−1) for 𝑖 ∈ {𝑛 + 1, . . . , 𝑛 + 𝑚}

recursively for 𝑚 times. For the Dirichlet process with concentration parameter 𝛼, this probability

has a closed form:

𝑃

(
𝑚∑︁
𝑙=1

1(𝑐𝑛+𝑙 > 𝐾) > 0 | 𝑐1, . . . , 𝑐𝑛

)
= 1 −

𝑚∏
𝑙=1

(
𝑛 + 𝑙 − 1

𝑛 + 𝑙 − 1 + 𝛼

)
,

which follows directly from the predictive distribution under the Dirichlet process (Blackwell and

MacQueen, 1973, Equation (2)). Although the probability is small for 𝑚 = 1, it increases rapidly

and becomes non-trivial as 𝑚 grows. Note that the above event includes not only assigning all 𝑚
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data points into a single new cluster, but also having them scattered into several new clusters;

hence this is the union of all outcomes of having small clusters.

For the quasi-Bernoulli process, although we do not have a simple closed-form expression

for the above probability, we can numerically calculate it based on the partition probability

function Equation 2-3 introduced in the next section. In Figure 2-1, we examine the case when

given two existing clusters with 𝑛1 = 𝑛2 = 50, and assigning additional 𝑚 data points. It can be

seen that the prior probability of creating new cluster(s) quickly increases in the Dirichlet process,

whereas the quasi-Bernoulli processes (with 𝛼 = 1 and two values for 𝑝) substantially slow down

the growth of this probability. We also provide results with another rate of 𝜖 (𝑛) in Figure A-5.

Figure 2-1. Under the prior, the Dirichlet process exhibits rapid growth in the probability of
adding one or more new clusters for 𝑚 future data points (𝑛 = 100), favoring the
creation of additional clusters a priori. Meanwhile, the quasi-Bernoulli process
exhibits much slower growth of this probability. For the quasi-Bernoulli process, we
use 𝜖 = 𝜖 (𝑛, 𝑚) = 1/(𝑛 + 𝑚)2.1 and 𝛼 = 1 as suggested in our theory Theorem 2-4.
For the Dirichlet process, we use 𝛼 = 0.69, which has the prior expected number of
clusters close to the one under the quasi-Bernoulli process with 𝑝 = 0.9 (see Table
A-1).

We will carefully examine the posterior behaviors of the above models, including comparing

with the Dirichlet process with 𝛼 = 𝛼(𝑛) tending to zero as 𝑛→∞.

2.3 Theoretical Analysis

In this section, we provide a theoretical analysis for the quasi-Bernoulli process and the

corresponding mixture model.
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2.3.1 Exchangeable Random Partitioning

A large class of stick-breaking models enjoys the property of partition exchangeability—that

is, the probability distribution of the induced partition only depends on the cluster sizes, and is

invariant to any permutation of the cluster index (see Pitman, 1995, proposition 5). Letting

𝑖 ∈ {1, . . . , 𝑛} be the data index, if there are 𝑡 unique values in the cluster assignments

𝑐 = (𝑐1, . . . , 𝑐𝑛), then we can form a corresponding partition A = {𝐴1, . . . , 𝐴𝑡} in the following

way: (1) initialize 𝐴1 = {1} and 𝑡 = 1; (2) sequentially for 𝑖 = 2, . . . , 𝑛, if 𝑐𝑖 = 𝑐 𝑗 for any 𝑗 ≤ 𝑖 − 1

and 𝑗 ∈ 𝐴𝑘 , then add 𝑖 to the same set 𝐴𝑘 containing 𝑗 ; otherwise create a new set 𝐴𝑡+1 = {𝑖} and

increment 𝑡 to 𝑡 + 1.

Theorem 2-1 (Exchangeable Partition Probability Function). The probability mass function of the

random partition A = {𝐴1, . . . , 𝐴𝑡} induced by 𝑐 in the quasi-Bernoulli stick-breaking process is

𝑃𝜖,𝑛 (A) =
𝛼𝑡Γ(𝛼)
Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛 𝑗 + 1)
) ∑︁
𝜎∈𝑆𝑡

𝑡∏
𝑗=1

𝑝 + (1 − 𝑝)𝐼𝜖 (𝑔 𝑗+1(𝜎) + 𝛼, 𝑛𝜎𝑗
+ 1)/𝜖𝛼

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔 𝑗 (𝜎))
(2-3)

where 𝜎 = (𝜎1, . . . , 𝜎𝑡) is a permutation of {1, . . . , 𝑡}, 𝑆𝑡 is the set of all permutations of

{1, . . . , 𝑡}, 𝑛 𝑗 = |𝐴 𝑗 |, 𝑔 𝑗 (𝜎) =
∑𝑡
𝑙= 𝑗 𝑛𝜎𝑙 , Γ(𝑥) =

∫ ∞
0 𝑧𝑥−1𝑒−𝑧 𝑑𝑧 and 𝐼𝜖 (𝑞1, 𝑞2) is the cumulative

distribution function of Beta(𝑞1, 𝑞2) evaluated at 𝜖 .

For conciseness, we defer all the proofs to Section A.1. Using 𝑃𝜖,𝑛 (A), we can substantially

simplify the model in Equations 2-1 and 2-2 into an equivalent generative process:

A ∼ 𝑃𝜖,𝑛 (A),

𝜃𝑘 | A 𝑖𝑖𝑑∼ G for 𝑘 = 1, . . . , 𝑡,

𝑦𝑖 | A, 𝜃
𝑖𝑛𝑑𝑒𝑝∼ F (𝜃 𝑗 ) for 𝑖 ∈ 𝐴 𝑗 , 𝐴 𝑗 ∈ A.

(2-4)

We now use the above representation to study the asymptotics of the clustering when 𝑛→∞.

2.3.2 Consistent Estimation of the Number of Clusters

By definition, the number of clusters is 𝑡 = |A|. We use 𝑇 to denote the associated random

variable in the model. LetH𝑡 (𝑛) denote the set of all partitions of {1, . . . , 𝑛} into 𝑡 disjoint sets.
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Using Equation 2-4, the marginal posterior of 𝑇 is

𝑃𝜖 (𝑇 = 𝑡 | 𝑦1:𝑛) =
∑
A∈H𝑡 (𝑛) 𝑝(𝑦1:𝑛 | A)𝑃𝜖,𝑛 (A)∑

A∈∪𝑛
𝑡′=1H𝑡′ (𝑛) 𝑝(𝑦1:𝑛 | A)𝑃𝜖,𝑛 (A)

, (2-5)

where 𝑝(𝑦1:𝑛 | A) =
∏

𝐴∈A 𝑚(𝑦𝐴), 𝑦𝐴 = (𝑦𝑖 : 𝑖 ∈ 𝐴), and 𝑚(𝑦𝐴) =
∫
Θ

(∏
𝑖∈𝐴 𝑓𝜃 (𝑦𝑖)

)
𝑑G(𝜃).

Here, 𝑓𝜃 denotes the density of the component distribution F (𝜃).

Suppose the data are generated from 𝑘0 mixture components, with 𝑘0 a fixed and finite

number. We establish general conditions under which 𝑃𝜖 (𝑇 = 𝑘0 | 𝑦1:𝑛) → 1 as 𝑛→∞. Our

proof involves two main parts: (i) we establish that this consistency property holds for the

finite-dimensional model obtained by setting 𝜖 = 0; and (ii) we bound the total variation distance

between the prior distributions 𝑃𝜖,𝑛 (A) and 𝑃0,𝑛 (A). We then show that this implies posterior

consistency.

Consider the case when 𝜖 = 0, that is, when 𝑏𝑘 in Equation 2-1 is a Bernoulli random

variable with success rate 𝑝. In this case, we refer to Equation 2-1 with 𝜖 = 0 as the Bernoulli

stick-breaking process. Let 𝐾 = min{𝑘 : 𝑏𝑘 = 0}. When this occurs, we have

𝑤𝐾+1 = 𝑤𝐾+2 = · · · = 0, and therefore, 𝑤 is effectively 𝐾-dimensional. Observe that 𝐾 follows a

geometric distribution: 𝜋𝐾 (𝑘) = 𝑝𝑘−1(1 − 𝑝) for 𝑘 ∈ {1, 2, . . .}. Thus, the Bernoulli

stick-breaking process has the following equivalent representation:

𝐾 ∼ Geometric(1 − 𝑝),

𝑣𝑘
𝑖𝑖𝑑∼ Beta(1, 𝛼), for 𝑘 = 1, . . . , 𝐾 − 1; 𝑣𝐾 = 1,

𝑤1 = 𝑣1, 𝑤𝑘 = 𝑣𝑘

𝑘−1∏
𝑙=1
(1 − 𝑣𝑙), for 𝑘 ≥ 2.

(2-6)

The following result establishes the exchangeable partition probability function for the Bernoulli

stick-breaking process.
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Lemma 2-1. The probability mass function of the random partition A = {𝐴1, . . . , 𝐴𝑡} in the

Bernoulli stick-breaking process is

𝑃𝜖=0,𝑛 (A) =
𝛼𝑡Γ(𝛼)
Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛 𝑗 + 1)
) ∑︁
𝜎∈𝑆𝑡

𝑡∏
𝑗=1

𝑝 + 1( 𝑗 = 𝑡) (1 − 𝑝)/(𝛼B(𝛼, 𝑛𝜎𝑡 + 1))
𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝)

where 𝑛 𝑗 = |𝐴 𝑗 |, 𝑔 𝑗 (𝜎) =
∑𝑡
𝑙= 𝑗 𝑛𝜎𝑙 , and B(𝑞1, 𝑞2) =

∫ 1
0 𝑧𝑞1−1(1 − 𝑧)𝑞2−1 𝑑𝑧, the Beta function.

We now establish that the Bernoulli stick-breaking process mixture model (quasi-Bernoulli

mixture model with 𝜖 = 0) exhibits posterior consistency for 𝐾 (the number of non-zero 𝑤𝑘 ’s) and

𝑇 (the number of clusters). To clarify, even for a large 𝑛, 𝑇 could be less than the number of

components 𝐾 , if some component does not have any data point assigned to it. Let Ω denote the

set of parameter tuples 𝜙 := (𝑘, 𝑤1, . . . , 𝑤𝑘 , 𝜃1, . . . , 𝜃𝑘 ) such that 𝑘 ∈ {1, 2, . . .}, 𝑤1, . . . , 𝑤𝑘 > 0,∑𝑘
𝑙=1 𝑤𝑙 = 1, and 𝜃1, . . . , 𝜃𝑘 ∈ Θ, the parameter space. Let Ω′ denote the subset of Ω such that

𝜃𝑖 ≠ 𝜃 𝑗 for all 𝑖 ≠ 𝑗 . Further, let 𝑃𝜙 denote the mixture distribution 𝑃𝜙 :=
∑𝑘
𝑙=1 𝑤𝑙F (𝜃𝑙). When

𝜙 ∈ Ω′ is identifiable from 𝑃𝜙 up to permutation of the mixture components, we can define a

transformation 𝜂 : Ω→ Ω′ such that the parameter 𝜙′ = 𝜂(𝜙) is fully identifiable from 𝑃𝜙′ . See

Nobile (1994, Section 3.2) for the details. Any prior on Ω defines an induced prior on Ω′ through

𝜂.

Theorem 2-2. Assume 𝜙 ∈ Ω′ is identifiable up to permutation of the mixture components. Let Π0

be the prior on Ω under the model defined by Equations 2-2 and 2-6, and assume

Π0({𝜙 : ∃ 𝑖 ≠ 𝑗 such that 𝜃𝑖 = 𝜃 𝑗 }) = 0. Let Π′0 be the corresponding prior on Ω′ induced by 𝜂.

Then there is a subset Ω′0 ⊂ Ω′ with Π′0(Ω
′
0) = 1 such that for any

𝜙0 = (𝑘0, 𝑤
0
1, . . . , 𝑤

0
𝑘0
, 𝜃0

1, . . . , 𝜃
0
𝑘0
) ∈ Ω′0, if 𝑦1, 𝑦2, . . . | 𝜙0

𝑖𝑖𝑑∼ 𝑃𝜙0 and the component density 𝑓𝜃 is

continuous (with respect to 𝜃) at each 𝜃0
𝑘
, then as 𝑛→∞, we have

𝑃𝜖=0(𝐾 = 𝑘0 | 𝑦1:𝑛) → 1 a.s.[𝑃𝜙0],

𝑃𝜖=0(𝑇 = 𝑘0 | 𝑦1:𝑛) → 1 a.s.[𝑃𝜙0],
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where a.s.[𝑃𝜙0] denotes almost surely convergence under the probability distribution 𝑃𝜙0 .

The first part of the result is a corollary of Nobile (1994, Proposition 3.5), the proof of

which is an application of the Doob’s theorem. The intuition for the second part is that since

𝑤0
1, . . . , 𝑤

0
𝑘0

are positive and do not change with 𝑛, we can expect that at least some data will be

assigned to each component 𝑘 = 1, . . . , 𝑘0, and thus that 𝐾 and 𝑇 will match in the posterior.

Now, consider the case of 𝜖 > 0. Intuitively, when 𝜖 is small, we would expect the posterior

to behave similarly to the case of 𝜖 = 0. Formally, we show that this is indeed the case when

𝜖 = 𝜖 (𝑛) → 0 at an appropriate rate as 𝑛→∞. To show this, we employ the following bound on

the distance between the partition distributions for 𝜖 > 0 and 𝜖 = 0 under the prior.

Theorem 2-3 (Prior equivalence as 𝜖 (𝑛) → 0). Assume 𝜖 ≤ 1/𝑛. Under the quasi-Bernoulli

priors, the total variation distance between the partition distributions for 𝜖 > 0 and 𝜖 = 0 satisfies

the bound

sup
𝐴∈A
|𝑃𝜖,𝑛 (𝐴) − 𝑃0,𝑛 (𝐴) | ≤

√︂
𝛼𝑛𝜖

2(𝛼 + 1 − 𝛼𝜖𝑛)

where A denotes the set of all subsets of ∪𝑛
𝑡=1H𝑡 (𝑛), and 𝑃𝜖,𝑛 (𝐴) =

∑
A∈𝐴 𝑃𝜖,𝑛 (A). In particular,

if 𝜖 (𝑛) = 𝑜(1/𝑛), then

sup
𝐴∈A
|𝑃𝜖 (𝑛),𝑛 (𝐴) − 𝑃0,𝑛 (𝐴) | −−−−→

𝑛→∞
0.

The interpretation of this result is that if we control 𝜖 to be slightly smaller than 1/𝑛, then

we have a stick-breaking model supported in the infinite-dimensional space that asymptotically

approximates the finite-dimensional model with posterior consistency guarantees.

Now, moving to the posterior, we have the consistency of the quasi-Bernoulli model for the

number of clusters.

Theorem 2-4 (Posterior consistency). Under the same assumptions and notations of

Theorem 2-2, if 𝜖 (𝑛) = 𝑜(1/𝑛2+𝑟), where 𝑟 is the integer such that max(𝛼 − 1, 0) ≤ 𝑟 < 𝛼, then

𝑃𝜖 (𝑛) (𝑇 = 𝑘0 | 𝑦1:𝑛) −−−−→
𝑛→∞

1 a.s.[𝑃𝜙0] .
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Note that here we assume 𝜖 (𝑛) = 𝑜(1/𝑛2+𝑟) rather than 𝑜(1/𝑛) as in Theorem 2-3, however,

we expect that the involved inequalities could be tightened further.

It should also be noted that letting 𝜖 (𝑛) depend on 𝑛 makes the resulting sequence of models

no longer projective. That is, the model for 𝑛 data points does not coincide with the distribution

obtained by taking the model for 𝑛 + 1 data points and integrating over data point 𝑛 + 1. However,

to achieve certain optimal asymptotic behaviors such as consistency, it is common to calibrate the

prior based on the sample size (for example, see Castillo et al., 2015 on the choice of prior for

variable selection). Alternatively, one could always use 𝜖 = 0, which achieves both consistency

and projectivity, but this is less flexible and less efficient in terms of computation.

2.3.3 Comparison with the Asymptotic Behavior of the Dirichlet Process

The results of Miller and Harrison (2013, 2014) on the inconsistency of the Dirichlet

process mixture model show that for a fixed value of the concentration parameter 𝛼, the model

asymptotically over-estimates the number of clusters on data from a finite mixture.

Our theoretic finding in the quasi-Bernoulli raises a tempting question: can we achieve

consistency with a Dirichlet process mixture if we let 𝛼 = 𝛼(𝑛) go to 0 at an appropriate rate as 𝑛

increases? To our knowledge, this remains an open question. However, here we provide a partial

answer (in the negative), by showing that if 𝛼(𝑛) → 0 too fast, then the Dirichlet process remains

inconsistent for the number of clusters.

Lemma 2-2. Suppose the data are 𝑦1, . . . , 𝑦𝑛
𝑖𝑖𝑑∼ 0.5 N(0, 1) + 0.5 N(𝜅, 1) for any fixed 𝜅 ∈ R,

where N(𝜇, 𝜎2) is the Gaussian distribution with density 𝑓𝜇,𝜎2 (𝑥) ∝ exp {−(𝑥 − 𝜇)2/(2𝜎2)}.

Consider a Dirichlet process mixture model with the mixture components F (𝜃) = N(𝜃, 1), the

base measure G = N(0, 1) (the prior on the parameter 𝜃), and concentration parameter 𝛼 = 𝛼(𝑛)

such that 𝛼(𝑛) = 𝑜(exp(−𝑎0 𝑛)) for some constant 𝑎0 > 1/2 + 𝜅2/4. Then 𝑃(𝑇 = 2 | 𝑦1:𝑛)
a.s.−−→ 0

as 𝑛→∞.

To clarify, the purpose of the above result is not to provide practical guidance on choosing

the rate of 𝛼(𝑛) → 0. Indeed, the problem of the Dirichlet process mixture is usually

overestimation rather than underestimation of the number of clusters in the limit (Yang et al.,
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2020a). Rather, this result shows that if consistency could be achieved for the Dirichlet process

mixture model under a sample-size-dependent 𝛼(𝑛), the rate of this hyper-parameter needs to

satisfy both an upper and a lower bounds, which may turn out to be practically challenging for the

users—there is a somewhat delicate sensitivity issue. In comparison, a strength of the

quasi-Bernoulli mixture is that for obtaining consistency 𝜖 only needs to satisfy one upper bound

𝑜(1/𝑛2+𝛼), which means the user can simply use a small 𝜖 such as 1/𝑛2+𝛼 (or smaller), without

worrying about impacting the consistency. We provide empirical comparison via simulations with

different cases of 𝛼(𝑛) and 𝜖 (𝑛) in the Section A.3.2.

The above result does not exclude the possibility that the Dirichlet process with 𝛼→ 0 at a

slower rate could achieve consistency. For example, recently Ohn and Lin (2023) show that setting

𝛼 ≈ 𝑛−𝑎1 for some positive number 𝑎1 will guarantee pr(𝑇 > 𝐶𝑘0 | 𝑦1:𝑛) → 0 for some constant

𝐶 > 1, hence preventing severe over-estimation in the number of clusters—although whether one

could exactly recover 𝑘0 is still unknown. Alternatively, another possibility is to put a hyper-prior

on 𝛼. Ascolani et al. (2023) show that this method can achieve consistency when the component

distribution F has bounded support. To our best knowledge, the consistency with general F

remains an open question.

2.4 Posterior Sampling Algorithm

Since the quasi-Bernoulli mixture model involves a small modification to classic

stick-breaking construction, we can use an efficient slice sampling algorithm [Kalli et al. (2011),

as the improved version of Walker (2007)] for posterior inference. We use a sequence of

decreasing positive constants 𝜉1, 𝜉2, . . . that converges to zero. In this article, we choose 𝜉𝑖 = 0.5𝑖

for 𝑖 ≥ 1 as suggested in Kalli et al. (2011). Given 𝑐𝑖 (the component assignment), consider a

latent uniform 𝑢𝑖 ∼ Uniform(0, 𝜉𝑐𝑖 ), then we have a joint likelihood proportional to∏𝑛
𝑖=1 1(𝑢𝑖 < 𝜉𝑐𝑖 )𝑤𝑐𝑖/𝜉𝑐𝑖 𝑓𝜃𝑐𝑖 (𝑦𝑖). We define the state of the Markov chain to be (𝑐, 𝜃, 𝑤, 𝑢) and

the target distribution is the posterior 𝑝(𝑐, 𝜃, 𝑤, 𝑢 | 𝑦), where 𝑦 = 𝑦1:𝑛, 𝑐 = 𝑐1:𝑛, 𝜃 = 𝜃1:∞, and

𝑤 = 𝑤1:∞.

The slice sampler iterates the following steps:
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1. Sample 𝑐 from its full conditional. For 𝑖 = 1, . . . , 𝑛: sample 𝑐𝑖 ∼ Categorical(𝑤̃) where

𝑤̃𝑘 =
𝑤𝑘/𝜉𝑘 𝑓𝜃𝑘 (𝑦𝑖)∑

{𝑙:𝜉𝑙>𝑢𝑖} 𝑤𝑙/𝜉𝑙 𝑓𝜃𝑙 (𝑦𝑖)
, for 𝑘 ∈ {𝑙 : 𝜉𝑙 > 𝑢𝑖}.

Since the sequence 𝜉1, 𝜉2, . . . converges to zero, the index set {𝑙 : 𝜉𝑙 > 𝑢𝑖} is finite.

Compute 𝑛𝑘 :=
∑
𝑖 1(𝑐𝑖 = 𝑘), and 𝑚𝑘 :=

∑
𝑖 1(𝑐𝑖 > 𝑘).

2. Sample 𝑢 from its full conditional. For 𝑖 = 1, . . . , 𝑛: sample 𝑢𝑖 from the uniform distribution

over the interval (0, 𝜉𝑐𝑖 ).

3. Sample 𝑤 from its full conditional. For 𝑘 ∈ ∪𝑛
𝑖=1{𝑙 : 𝜉𝑙 > 𝑢𝑖}:

• Sample 𝑏𝑘 ∼ 𝑞𝛿1(·) + (1 − 𝑞)𝛿𝜖 (·) where

𝑞 =
𝑝

𝑝 + (1 − 𝑝)𝜖−𝛼 𝐼𝜖 (𝑚𝑘 + 𝛼, 𝑛𝑘 + 1) .

• Sample 𝛽𝑘 by drawing 𝑋 ∼ Beta(0,𝑏𝑘) (𝑚𝑘 + 𝛼, 𝑛𝑘 + 1) and setting 𝛽𝑘 = 𝑋/𝑏𝑘 , where

Beta(0,𝜖) denotes a Beta distribution truncated to the interval (0, 𝜖).

• Compute 𝑤𝑘 from 𝑏1:𝑘 and 𝛽1:𝑘 using Equation 2-1.

4. Sample 𝜃 from its full conditional. For 𝑘 ∈ ∪𝑛
𝑖=1{𝑙 : 𝜉𝑙 > 𝑢𝑖}: sample 𝜃𝑘 from the

distribution proportional to 𝑔(𝜃𝑘 )
∏
𝑖:𝑐𝑖=𝑘 𝑓𝜃𝑘 (𝑦𝑖), where 𝑔 is the density of the base measure

G.

Here, 𝑓𝜃 denotes the density of the component distribution F (𝜃). Note that in the 𝑤 update, we

first sample 𝑏𝑘 marginalized over 𝛽𝑘 , then sample 𝛽𝑘 | 𝑏𝑘 , and compute the resulting value of 𝑤𝑘 .

2.5 Simulations

In this section, we assess the empirical performance of the quasi-Bernoulli (QB) mixture

model in simulation studies. We compare our method with three popular alternatives: Dirichlet

process (DP) mixture, Pitman–Yor process (PY) mixture and finite mixture with a prior on the

number of components (MFM).
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We demonstrate the consistency of the quasi-Bernoulli mixture model for the number of

clusters 𝑇 when the family of component distributions is correctly specified. We set 𝑝 = 0.9 for

the quasi-Bernoulli probability in Equation 2-1, yielding a prior mean of no more than

1/(1 − 𝑝) = 10 components with mixture weights larger than 𝜖 . The reason is that the random

variable 𝐾 for the first time 𝑏𝑘 = 𝜖 follows Geometric(1 − 𝑝), and the weights after 𝐾 are less than

𝜖 . Alternatively, one could place a Beta hyper-prior on 𝑝 to make the prior even more weakly

informative. We set 𝛼 = 1 and 𝜖 = 1/𝑛2.1, which satisfies the theoretical condition that

𝜖 = 𝑜(1/𝑛2) in Theorem 2-4. To have a fair comparison, we set the Dirichlet process

concentration parameter 𝛼 so that the expected number of clusters under the Dirichlet process

prior is as close as possible to the one under the quasi-Bernoulli process prior for each 𝑛, as shown

in Table A-1. Similarly, for the Pitman–Yor process prior PY(𝛼, 𝑑) where each 𝑣𝑘 follows

Beta(1 − 𝑑, 𝛼 + 𝑘𝑑), we choose 𝛼 and 𝑑 to match both the expectation and the variance of the

number of clusters with the quasi-Bernoulli process prior. For the MFM model, we follow Miller

and Harrison (2018) and set Π𝐾 (𝑘) = 𝑝𝑘−1(1 − 𝑝) where 𝑝 = 0.9 for the prior on number of

components, and (𝑤1, . . . , 𝑤𝐾) ∼ Dir𝐾 (𝛼, . . . , 𝛼) where 𝛼 = 1 for the prior on mixture weights.

For each experiment, we run the Markov chain for 50,000 iterations, discard the first 20,000

as burn-ins, and use thinning by keeping only every 50th iteration.

2.5.1 Simulations with Gaussian Mixtures

To compare performance in terms of consistency and MCMC mixing, we first consider

simulations using Gaussian distributions N(𝜇, Σ) for the mixture components.

We first generate data with sample sizes 𝑛 ∈ {50, 100, 250, 1000, 2500} from a

three-component univariate Gaussian mixture distribution:

0.3 N(−4, 12) + 0.3 N(0, 12) + 0.4 N(5, 12). Following Richardson and Green (1997), we use a

data-dependent prior (that is, base measure G) on the component parameters (𝜇, Σ):

𝜇 ∼ N(𝑚𝜇, 𝑠
2
𝜇) and Σ ∼ Gamma−1(2, 𝛾) where Gamma−1(𝑎, 𝑏) has density

𝑓 (𝑥) ∝ 𝑥−𝑎−1 exp(−𝑏/𝑥), with a hyper-prior Gamma(𝑔, ℎ) on 𝛾, where

𝑚𝜇 = (max{𝑦1:𝑛} +min{𝑦1:𝑛})/2, 𝑠𝜇 = max{𝑦1:𝑛} −min{𝑦1:𝑛}, 𝑔 = 0.2, and ℎ = 10/𝑠2
𝜇.
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Figure 2-2. Posterior distribution of the number of clusters (𝑇) for data from a three-component
univariate Gaussian mixture. The quasi-Bernoulli mixture model correctly
concentrates on three clusters, and its posterior distribution of 𝑇 concentrates to a
point mass at 𝑘0 = 3. Coherent with our theory, at large 𝑛, the posterior distributions
become almost identical to the ones using the MFM model. However, the posterior
distributions of calibrated DP mixture model and PY mixture model do not
concentrate to a point mass at 𝑘0 = 3.

Figure 2-2 plots the posterior distribution of the number of clusters 𝑇 at each 𝑛. Under the

quasi-Bernoulli mixture model (shown in blue), the posterior of 𝑇 concentrates to a point mass at

the true number of components (𝑘0 = 3) as 𝑛 grows, in accordance with our theory. Further, for

both small and large 𝑛, the posterior mode of 𝑇 coincides with the true number of components.

Clearly, our model yields almost the same results (blue) as the MFM model (green), especially at

large 𝑛. This is coherent with our theory (Equation 2-6). On the other hand, the Dirichlet process

mixture model and the Pitman–Yor process mixture model fail to concentrate on the true number

of components.

Despite similar performances in achieving consistency, a major strength of our model is its

computational efficiency gained via the slice sampling (Kalli et al., 2011). In comparison, the

existing MFM model requires a combinatorial search via the split-merge sampler (Jain and Neal,

2007), which suffers from slow mixing with high auto-correlation. As shown in Figure 2-3, with
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thinning, quasi-Bernoulli mixture model using slice sampler shows a drop in the auto-correlation

(effective sample size 16.0%, on average of five experiments with sample size 1000), while MFM

model using the split-merge sampler shows a much slower drop (effective sample size 7.8%).

(a) Trace on number of clusters (b) Auto-correlation (based on thinning at 50)

Figure 2-3. The trace of the Markov chain on 𝑇 and auto-correlation functions for univariate
Gaussian mixture data with sample size 1000. Quasi-Bernoulli mixture model using
the slice sampler shows much better mixing in the Markov chain, compared to the
MFM model using the split-merge sampler. We discard the first 5,000 iterations as
burn-ins and record the following 20,000 samples. The slice sampling is not available
to the MFM model, since the change to 𝐾 needs to satisfy the constraint that a
non-empty cluster should not have a zero mixture weight.

Next, we consider a multivariate simulation scenario in which we generate data sets of size

𝑛 ∈ {250, 1000, 2500} from a three-component bivariate Gaussian mixture:

0.3 N((−4 1)T, 𝐼2) + 0.3 N((0 2)T, 𝐼2) + 0.4 N((5 3)T, 𝐼2). We use the data-dependent prior

𝜇 ∼ N(𝑚,𝐶), Σ ∼Wishart−1
2 (𝐶−1/2, 2) on the component parameters, where 𝑚 is the sample

mean and 𝐶 is the sample covariance. The results are similar to the univariate simulation

scenario; see Section A.3.1.

2.5.2 Simulations with Non-Gaussian Mixtures

The quasi-Bernoulli mixture model can easily be extended to mixture models with

non-Gaussian components. To illustrate that the consistency result still holds, we consider data

generated from a mixture of Laplace distributions.

We generate data from a three-component Laplace mixture:

0.35Lap(−10, 1) + 0.3Lap(0, 1.5) + 0.35Lap(10, 0.5), where Lap(𝜇, 𝜆) denotes a Laplace

distribution with mean 𝜇 and scale 𝜆. We use a data-dependent prior (base measure G) on (𝜇, 𝜆):
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𝜇 ∼ N(𝑚𝜇, 𝜎
2
𝜇) and 𝜆 ∼ Gamma−1(2, 1), where 𝑚𝜇 = (max{𝑦1:𝑛} +min{𝑦1:𝑛})/2 and

𝜎𝜇 = max{𝑦1:𝑛} −min{𝑦1:𝑛}. Figure 2-4 shows that the quasi-Bernoulli process successfully

recovers the true number of components, while the Dirichlet process (red) and the Pitman–Yor

process (yellow) fail to do so. Under a mixture distribution like the Laplace distribution having

heavier tails than the Gaussian distribution, the Dirichlet process and the Pitman–Yor process tend

to overestimate the number of clusters to a greater extent.

Figure 2-4. Quasi-Bernoulli mixture model correctly recovers three clusters as the ground truth
when each component is from a Laplace distribution. The Dirichlet process and
Pitman–Yor process overestimate the number of clusters, due to having small spurious
clusters.

2.6 Data Application: Clustering Brain Networks

To demonstrate the ease of using our model in an advanced data analysis, we apply it to

cluster multiple brain networks, collected from 𝑛 = 812 subjects in the human connectome project

(Marcus et al., 2011).

For each subject, resting-state functional magnetic resonance imaging (fMRI) signals were

collected from 𝑅 = 50 regions of the brain, indexed by 𝑟 = 1, . . . , 𝑅. The data were processed and

transformed into a connectivity graph on 𝑅 vertices, represented as a symmetric binary adjacency

matrix 𝑌 (𝑖) ∈ {0, 1}𝑅×𝑅 such that 𝑌 (𝑖) = 𝑌 (𝑖)T.
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We model these adjacency matrices using a probit-Bernoulli mixture model in which each

component distribution has a low-rank latent structure. The goal of this model is to cluster the

networks into disjoint groups of similar subjects, and to find a meaningful low-dimensional

representation of networks within each sub-group/cluster.

Given a matrix of probabilities 𝜃 ∈ [0, 1]𝑅×𝑅, we write 𝑌 ∼ Bernoulli(𝜃) to denote that

𝑌𝑟𝑠 ∼ Bernoulli(𝜃𝑟𝑠) independently for 𝑟, 𝑠 ∈ {1, . . . , 𝑅}. In this notation, we use the following

infinite mixture model with a quasi-Bernoulli stick-breaking prior on the mixture weights

𝑤 = (𝑤1, 𝑤2, . . .),
𝑌 (𝑖) | 𝑐𝑖, 𝜇, 𝑀

𝑖𝑛𝑑𝑒𝑝∼ Bernoulli(Φ(𝜇 + 𝑀𝑐𝑖 )),

𝑐𝑖 | 𝑤 𝑖𝑖𝑑∼ Categorical(𝑤) for 𝑖 = 1, . . . , 𝑛,

𝑀𝑘 = 𝑄𝑘Λ𝑘𝑄
T
𝑘 , for 𝑘 ≥ 1,

𝑤 ∼ Quasi-Bernoulli(𝑝, 𝜖, 𝛼),

where Φ(·) is the cumulative distribution function of the standard Gaussian distribution, applied

element-wise, and the weights 𝑤 = (𝑤1, 𝑤2, . . .) are drawn from Equation 2-1 which is denoted by

Quasi-Bernoulli(𝑝, 𝜖, 𝛼). The model enforces symmetry for the binary matrices 𝑌 (𝑖) by only

modeling the lower triangle part of them. Here, 𝜇 is a scalar that is shared by all components, and

each 𝑀𝑘 = 𝑄𝑘Λ𝑘𝑄
T
𝑘

is a component-specific matrix such that Λ𝑘 = diag(𝜆𝑘,1, . . . , 𝜆𝑘,𝑑), and 𝑄𝑘

belongs to the Stiefel manifoldV𝑑,𝑅 := {𝑄 ∈ R𝑅×𝑑 : 𝑄T𝑄 = 𝐼𝑑} (Hoff, 2009). The role of 𝑀𝑘 is

to provide a low-rank representation for mixture component 𝑘 , and the 𝜇 is a nuisance parameter

that captures departures from this assumed low-rank structure.

For the other priors, we assign 𝑄𝑘 ∼ Uniform(V𝑑,𝑅) for 𝑘 = 1, 2, . . . with 𝑑 = 2, use a

truncated Gaussian prior 𝜋(𝜆𝑘,𝑙) ∝ N(𝜆𝑘,𝑙 | 0, 50) for 𝑙 = 1, . . . , 𝑑, and assign a Gaussian prior

N(0, 102) on 𝜇, following Hoff (2009). For the quasi-Bernoulli prior on 𝑤, we use 𝑝 = 0.9, 𝛼 = 1

and 𝜖 = 1/𝑛2.1. We run the MCMC sampler from Section 2.4 for 30, 000 iterations and discard the

first 10, 000 as burn-ins.

Figure 2-5 (right) shows the posterior of the number of clusters 𝑇 for the quasi-Bernoulli

mixture model, which is highly concentrated on 𝑇 = 6 clusters. For comparison, we also consider
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Figure 2-5. The quasi-Bernoulli model concentrates on 𝑇 = 6 clusters on the brain connectivity
data. For comparison, the posterior mode of the corresponding Dirichlet process and
Pitman–Yor process mixture models are at 𝑇 = 8 and 𝑇 = 7.

a Dirichlet process mixture and a Pitman–Yor process mixture. We use the same prior for the

component parameters 𝑄𝑘 ,Λ𝑘 , as the one in the quasi-Bernoulli model. We set the Dirichlet

process concentration parameter 𝛼 so that the expected number of clusters under the Dirichlet

process prior is as close as possible to the one under the quasi-Bernoulli process prior for 𝑛 = 812.

Similarly, for the Pitman–Yor process prior PY(𝛼, 𝑑), we choose 𝛼 and 𝑑 to match both the

expectation and the variance of the number of clusters with the quasi-Bernoulli process prior. The

𝛼 for the Dirichlet process is chosen to be 0.63, and the parameters of the Pitman–Yor process are

𝛼 = 0.30, 𝑑 = 0.11. As the results, these two models yield posterior modes of 𝑇 = 8 and 𝑇 = 7

clusters (Figure 2-5, left and middle) and produce several very small clusters (the Dirichlet

process mixture model produces four small groups with 5.8%, 5.5%, 5.2% and 0.1% of subjects;

the Pitman–Yor process mixture model produces three small groups with 3.3%, 2.5% and 1.7% of

subjects—these proportions are calculated as the average cluster sizes divided by 𝑛, with average

taken over those posterior samples with 𝑇 equal to the posterior mode of 𝑇). The result from the

quasi-Bernoulli model leads to a more parsimonious representation.

In the quasi-Bernoulli posterior, the subjects are clustered into six groups with high

probability. Figure 2-6 shows the posterior means of the edge probabilities Φ(𝜇 + 𝑀𝑘 ) for each

group. These results indicate that sparse connectivity is exhibited by the first three groups of

subjects (accounting for 77.8% of subjects), whereas the other three groups have denser
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(a) Group 1 (46.0% of the
subjects)

(b) Group 2 (18.9% of the
subjects)

(c) Group 3 (12.9% of the
subjects)

(d) Group 4 (9.0% of the
subjects)

(e) Group 5 (7.9% of the
subjects)

(f) Group 6 (5.2% of the
subjects)

Figure 2-6. The posterior means of the edge connectivity probabilities Φ(𝜇 + 𝑀𝑘 ) over the six
groups.

connectivity. Specifically, for each group, we examine the posterior mean proportion of node pairs

with edge connectivity probabilities greater than 0.05. The proportions for the six groups are

8.6%, 4.4%, 8.6%, 15.7%, 21.1% and 28.2%, respectively.

In addition, we conduct additional experiments using two common Bayesian clustering

methods: (i) Dirichlet process mixture of high-dimensional probit-Bernoulli model (without

low-rank latent structure); (ii) approximation using the mixture of factor analyzers (McLachlan

et al., 2003) and treating the data as if they were continuous, and selecting the number of clusters

using Bayesian information criterion (BIC). The method (i) is a popular solution, however, it is

found to suffer from a curse of dimensionality (Chandra et al., 2023). Indeed, applying (i) on the

data leads to only 𝑇 = 1 cluster in the result. The method (ii) selects 3 clusters and 2 latent

dimensions under BIC. The three clusters of the maximum a posteriori (MAP) estimates have

36.6%, 20.6% and 42.8% of the subjects. In the appendix, Figure A-4 shows the MAP estimate of

the mean of each Gaussian component.
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CHAPTER 3
BRIDGED POSTERIOR: OPTIMIZATION, PROFILE LIKELIHOOD AND A NEW

APPROACH TO GENERALIZED BAYES ∗

In this chapter, we present a new generalized Bayes approach. Rather than treating 𝜃 as a

high-dimensional random variable, we model 𝜃 = (𝑧, 𝛽) with only 𝛽 as a parameter with a

corresponding prior distribution. The argument 𝑧 is instead treated as a latent variable that is

deterministic conditional on 𝑦 and 𝛽, though importantly it remains a stochastic quantity when

conditioned on 𝑦 alone. As we will demonstrate in the article, this effectively reduces the

dimension of 𝜃 to near that of 𝛽, simultaneously addressing both issues surveyed above.

Specifying 𝑧 as the solution of an optimization subproblem allows us to retain transparent

constraint conditions such as low rank, low cardinality, or combinatorial constraints.

It is natural to ask whether such an approach is consistent with Bayesian methodology, that

there exists a valid generative model corresponding to a likelihood that depends only on 𝛽. This

article answers this question affirmatively. We begin with a set of profile likelihoods that partially

maximize a joint likelihood 𝐿 (𝑦; 𝑧, 𝛽) over 𝑧, showing that each corresponds to another common

likelihood where the data are modeled dependently. We then establish the theoretical result that

under mild conditions, the
√
𝑛-adjusted posterior distribution of the parameter under our

framework converges asymptotically to the same normal limit as canonical posteriors

marginalized over non-deterministic latent variables. This contribution is closely related to prior

work by Polson and Scott (2016), which discovers a hierarchical duality: the scale mixture of

univariate exponential or location-scale mixture of normal is proportional to another (potentially

intractable) density maximized over a univariate latent variable. This perspective inspires efficient

new algorithms for producing point estimates. Despite some similarities in the univariate setting,

our method applies generally to multivariate problems and to settings where the latent variables

may exhibit dependence. In other related work, Lee et al. (2005a) interpret the profile likelihood

as resulting from an empirical prior. A key difference is that our proposed framework 𝐿 (𝑦; 𝑧, 𝛽)

∗ Dr. Eleni Dilma is the joint first author of this work. This work was preprinted at Zeng et al. (2024a).
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can lead to a fully Bayesian method, where the latent variable 𝑧 characterizes the latent

dependency among the data.

3.1 Motivation

Using the Gibbs posterior introduced in Section 1.4, the point estimate 𝜃 = arg min𝜃 𝑔(𝜃, 𝑦)

can often be efficiently computed using an iterative optimization algorithm, even under a wide

range of constraints. For example, convex clustering and its variants (Tan and Witten, 2015; Chi

and Lange, 2015; Chakraborty and Xu, 2023) use

𝑔(𝜃, 𝑦) = (1/2)∑𝑛
𝑖=1 ∥𝑦𝑖 − 𝜃𝑖∥22 + 𝛽

∑
(𝑖, 𝑗):𝑖< 𝑗 ∥𝜃𝑖 − 𝜃 𝑗 ∥2 for data 𝑦𝑖 ∈ R𝑝, location parameter

𝜃𝑖 ∈ R𝑝, and tuning constant 𝛽 > 0. This can be understood as a relaxation of hierarchical

clustering; in place of a combinatorial constraint, the penalty term encourages most of the

𝐿2-norms ∥𝜃𝑖 − 𝜃 𝑗 ∥2 to be zero, promoting cluster structure via a small number of unique 𝜃𝑖 at the

solution. The estimate 𝜃 can be obtained using convex, continuous optimization. A popular

combinatorial alternative makes use of the 𝑘-means loss (MacQueen, 1967) toward clustering,

𝑔{(𝑐1, . . . , 𝑐𝑛), 𝑦} =
∑𝐾
𝑘=1

∑
(𝑖< 𝑗):𝑐𝑖=𝑐 𝑗=𝑘 ∥𝑦𝑖 − 𝑦 𝑗 ∥22/𝑛𝑘 , with 𝑐𝑖 ∈ {1, . . . , 𝐾} where the discrete

cluster assignment label 𝑐𝑖 = 𝑘 if 𝜃𝑘 is the nearest centroid to 𝑦𝑖, 𝑛𝑘 =
∑
𝑖 1(𝑐𝑖 = 𝑘), and

𝜃𝑖 =
∑
𝑖:𝑐𝑖=𝑘 𝑦𝑖/𝑛𝑘 . Here too, iterative algorithms can improve performance and avoid local

minima using continuous optimization techniques (Xu and Lange, 2019). Recently, Rigon et al.

(2023) form a Gibbs posterior using this loss toward quantifying the uncertainty of 𝑐𝑖, which

shows robustness to the distributional asymmetry. Several recent works import ideas from

optimization to account for constraints within a Bayesian framework (Duan et al., 2020; Presman

and Xu, 2023; Zhou et al., 2024).

Under the exponential negative transformation, the Gibbs posterior distribution concentrates

near the posterior mode. This induces variability around the point estimate and, in turn, enables

uncertainty quantification. How to interpret this uncertainty is not immediately obvious, and one

may question the authenticity of inferential procedures such as hypotheses tests or intervals based

on such a posterior which may not derive from a generative likelihood model. There are several

works that provide justification in the large 𝑛 regime. First, Gibbs posteriors admit a coherent
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update scheme for 𝜃 toward minimizing the expected loss
∫
𝑔(𝜃, 𝑦)F (d𝑦; 𝜃), where F denotes the

true data generating distribution (Bissiri et al., 2016). Second, if the Gibbs posterior density is

proportional to a composite likelihood, such as the conditional density under some insufficient

statistics (Lewis et al., 2021) derived from a full likelihood 𝐹 (𝑦; 𝜃0), then the Gibbs posterior of 𝜃

concentrates toward 𝜃0 and enjoys asymptotic normality under mild conditions (Miller, 2021).

These methodological and theoretical breakthroughs lend a cautious optimism that loss

functions from the machine learning and optimization literature have the potential to broaden the

scope of Bayesian probabilistic modeling (Khare et al., 2015; Kim and Gao, 2020; Ghosh et al.,

2021; Martin and Syring, 2022; Syring and Martin, 2023; Winter et al., 2023). At the same time,

two pitfalls of Gibbs posteriors motivate this article. The first is computational: the Gibbs

posterior is often supported on a high-dimensional space, and fails to reduce the computational

burden that often plagues posterior sampling schemes such as MCMC in high-dimensional

problems. There is a large literature characterizing the scaling limit of MCMC algorithms, which

can lead to slow mixing of Markov chains as the dimension of 𝜃 increases (Roberts and Rosenthal,

2001; Belloni and Chernozhukov, 2009; Johndrow et al., 2019; Yang et al., 2020b). Meanwhile,

many semi-parametric models feature a low-dimensional 𝜃 as well as a latent variable whose

dimension grows with 𝑛. When closed-form marginals are not available, the necessity of sampling

these latent variables can also lead to critically slow mixing. These issues have been observed in

popular statistical methods such as latent normal models, and have motivated a large class of

approximation methods (Rue et al., 2009) as alternatives to MCMC. This bottleneck explains in

part the lack of Gibbs posterior approaches in latent variable contexts.

The second methodological gap relates to the modeling front: continuity of the Gibbs

posterior distribution often yields a mismatch to constraint conditions on 𝜃 except on a set of

measure zero. To illustrate, consider the Bayesian lasso (Park and Casella, 2008), which can be

viewed as the Gibbs posterior using the lasso loss. Though this promotes a sparse estimate 𝜃,

under its posterior distribution 𝜃 is non-sparse almost everywhere. A similar problem arises in a

Gibbs posterior approach to support vector machines. The maximum-margin hyperplane has zero
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posterior measure, which may partially explain why studies from this view have focused on point

estimation (Polson and Scott, 2011), and motivates our approach in seeking a more natural

quantification of the associated uncertainty. Beyond this incongruence between 𝜃 and the samples

from Π(𝜃 | 𝑦), invariance to changes in 𝑔(𝜃, 𝑦) presents another consideration. To obtain an

estimate 𝜃 residing in a constrained or low dimensional space, it is common practice in

optimization to employ an alternative 𝑔̃(𝜃, 𝑦) that has superior computational properties. For

example, 𝑔̃ can be convex, unconstrained, or non-combinatorial, under the condition that

arg min𝜃 𝑔̃(𝜃, 𝑦) = arg min𝜃𝑔(𝜃, 𝑦)—that is, the two distinct loss functions touch at the minima.

This invariance at the optimum is routinely exploited in methods such as convex relaxation,

variable splitting, proximal methods, and majorization-minimization (Polson et al., 2015; Zheng

and Aravkin, 2020; Landeros et al., 2023). However, the Gibbs posterior does not enjoy such an

invariance, as the distribution Π(𝜃 | 𝑦) changes whenever 𝑔 changes. These issues lead us to take

a marked departure from existing approaches.

3.2 Method

In this section, we formally construct the bridged posterior and show the posterior propriety.

We provide several examples to illustrate the advantage of our proposed method.

3.2.1 Augmented Likelihood with Conditional Optimization

To provide background, we first review the canonical likelihood involving latent variables,

taking the form

𝐿 (𝑦; 𝛽) =
∫

𝐿 (𝑦, d𝑧; 𝛽) =
∫

𝐿 (𝑦 | 𝑧, 𝛽)ΠL (d𝑧; 𝛽), (3-1)

in which we refer to 𝛽 ∈ R𝑑 as the parameter, and 𝑧 ∈ R𝑝 as the latent variable. Here ΠL denotes

the marginal latent variable distribution for 𝑧. Since 𝑧 could be associated with a continuous,

discrete, or degenerate distribution, we use the integration with respect to a probability measure

notation
∫
𝑓 (𝑧)𝜇(d𝑧), in which 𝑧 with distribution 𝑧 ∼ 𝜇 is the one that we integrate over. The

joint distribution 𝐿 (𝑦, 𝑧; 𝛽) is also known as an augmented likelihood (Tanner and Wong, 1987;

Van Dyk and Meng, 2001). Examples abound in statistics: for instance, augmented likelihoods

are used in characterizing dependence among discrete 𝑦 via a correlated normal latent variable 𝑧
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(Wolfinger, 1993; Rue et al., 2009), or model-based clustering on grouping data 𝑦 via a latent

discrete label 𝑧 (Blei et al., 2003; Fraley and Raftery, 2002). We now consider a special case when

given 𝑦 and 𝛽:

(𝑧 | 𝑦, 𝛽) = 𝑧(𝑦, 𝛽) := arg min𝜁𝑔(𝜁, 𝑦; 𝛽) with probability 1. (3-2)

If the arg min is unique, then 𝑧 is a conditionally deterministic latent variable, which we abbreviate

CDLV. Otherwise, 𝑧 has a conditional distribution supported on the solution set

{arg min𝜁𝑔(𝜁, 𝑦; 𝛽)}.

For simplicity of exposition, from here we focus on the case where 𝑧 is the unique

minimizer. This encompasses a large class of models and is satisfied whenever 𝑔(𝜁, 𝑦; 𝛽) is

strictly convex in 𝜁 for every (𝑦, 𝛽). Though 𝑧 is conditionally deterministic form, note that when

we do not condition on 𝑦, 𝑧 remains randomly distributed under ΠL (𝑧; 𝛽). This suggests a

generative view according to Equation 3-1: we have

𝑧 ∼ ΠL (𝑧; 𝛽); 𝑦 | 𝑧, 𝛽 ∼ 𝐿 (𝑦 ∈ Y𝛽,𝑧 | 𝑧, 𝛽),

where Y𝛽,𝑧 =
{
𝑦 : min𝜁𝑔(𝜁, 𝑦; 𝛽) = 𝑔(𝑧, 𝑦; 𝛽)

}
.

That is, 𝑦 is generated under the constraint given by 𝑧. To clarify, the latent 𝑧 may have varying

dimension 𝑝 and ΠL according to the sample size 𝑛.

For concreteness, we present two illustrative examples based on the profile likelihood.

Profile likelihoods have a frequentist origin, motivated by the convenience of testing or

constructing confidence intervals for a parameter of interest 𝛽, in the presence of other parameters

𝜁 , often called nuisance parameters. There is a long-standing debate on whether using a profile

likelihood leads to a coherent Bayes’ procedure (Lee et al., 2005a; Cheng and Kosorok, 2009;

Evans, 2016; Maclaren, 2018). Using the above, we can now view the profile likelihood as a

special case of Equation 3-2, taking 𝑔(𝜁, 𝑦; 𝛽) = − log 𝐿 (𝑦, 𝜁 ; 𝛽).
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Example 3-1. Consider linear regression with 𝑦 ∈ R𝑛, 𝑋 ∈ R𝑛×𝑑 , 𝛽 ∈ R𝑑 , 𝑧 > 0, 𝑣 > 0:

𝐿 (𝑦, 𝑧; 𝛽) ∝ 𝑧−𝑛/2 exp
(
−∥𝑦 − 𝑋𝛽∥

2

2𝑧

)
𝑧−𝑣/2−1 exp

(
− 𝑣

2𝑧

)
;

𝑧 = arg min𝜁 {− log 𝐿 (𝑦, 𝜁 ; 𝛽)}.

The first line has the same form as a likelihood with normal errors, with the variance 𝑧 regularized

by an Inverse-Gamma(𝑣/2, 𝑣/2). Instead of marginalizing out 𝑧, we maximize log 𝐿 (𝑦, 𝜁 ; 𝛽) over

𝜁 to obtain 𝑧 = (𝑣 + ∥𝑦 − 𝑋𝛽∥2)/(𝑣 + 𝑛 + 2). Therefore, we have

ΠL (𝑧; 𝛽) ∝ 𝑧−(𝑛+𝑣+2)/2;

𝐿 (𝑦 | 𝑧, 𝛽) ∝ exp
(
− ∥𝑦 − 𝑋𝛽∥

2

2𝑧

)
1

{ 𝑛∑︁
𝑖=1

(
𝑦𝑖 − 𝑥⊤𝑖 𝛽

)2
= (𝑣 + 𝑛 + 2)𝑧 − 𝑣

}
.

In particular, the indicator above imposes a quadratic equality constraint on 𝑦. Upon substituting

an expression in 𝑦 for 𝑧, we obtain a marginal density

𝐿 (𝑦; 𝛽) ∝
{
1 + ∥𝑦 − 𝑋𝛽∥

2

(𝑣 + 2) 𝑣
𝑣+2

}−(𝑛+𝑣+2)/2
,

which coincides with the likelihood 𝐿 (𝑦; 𝛽) under an 𝑛-variate 𝑡-distribution with 𝑣 + 2 degrees of

freedom, center at (𝑋𝛽), and covariance {𝑣/(𝑣 + 2)}𝐼.

Example 3-2. Consider a multivariate factor model with 𝑦 = 𝐶𝑧 + 𝜖 ∈ R𝑝, 𝜖 ∼ N(0, 𝐼𝜎2),

𝐶 ∈ R𝑝×𝑝. Here let 𝑝 ≥ 𝑝, the matrix 𝐶 have rank 𝑝, 𝛽 = (𝐺, 𝜎2), and 𝐺 positive definite:

𝐿 (𝑦, 𝑧; 𝛽) ∝ exp
(
−∥𝑦 − 𝐶𝑧∥

2

2𝜎2

)
exp

(
−1

2
𝑧⊤𝐺−1𝑧

)
; 𝑧 = arg min𝜁 {− log 𝐿 (𝑦, 𝜁 ; 𝛽)}.

The first part has the same form as a likelihood with 𝑧 regularized by multivariate normal

distribution N(0, 𝐺). Here, minimization yields
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𝑧 = (𝐶⊤𝐶/𝜎2 + 𝐺−1)−1𝐶⊤𝑦/𝜎2 = {𝐺 − 𝐺𝐶⊤(𝐼𝜎2 + 𝐶𝐺𝐶⊤)−1𝐶𝐺}𝐶⊤𝑦/𝜎2. Therefore,

ΠL (𝑧; 𝛽) ∝ exp
[
−1

2
𝑧⊤{𝐺𝐶⊤(𝐼𝜎2 + 𝐶𝐺𝐶⊤)−1𝐶𝐺}−1𝑧

]
;

𝐿 (𝑦 | 𝑧, 𝛽) ∝ exp
(
−∥𝑦 − 𝐶𝑧∥

2

2𝜎2

)
1
{
𝐶⊤𝑦 − (𝐶⊤𝐶 + 𝜎2𝐺−1)𝑧 = 0

}
.

The indicator puts an affine equality constraint on 𝑦, and the marginal of 𝑦 is

𝐿 (𝑦; 𝛽) ∝ exp
{
− 1

2
𝑦⊤

(
𝐼𝜎2 + 𝐶𝐺𝐶⊤

)−1
𝑦

}
,

corresponding to a multivariate normal N
(
0, 𝐼𝜎2 + 𝐶𝐺𝐶⊤

)
.

From the above two examples, we highlight two observations: (i) partial optimization still

leads to a valid probability kernel 𝐿 (𝑦; 𝛽) associated with a coherent generative model for 𝑦; (ii)

fixing 𝑧 at the conditional optimum induces dependency among the elements in 𝑦 in 𝐿 (𝑦; 𝛽), via

the constraint Y𝛽,𝑧.

Remark 3-1. The profile likelihood-based models are an important sub-class that we will

primarily focus on. Nevertheless, in general, the loss function 𝑔 does not have to be the negative

likelihood, and 𝑧 does not have to be available in closed form. We can still specify the joint

likelihood, by including an optimization problem in the equality constraint Equation 3-2.

3.2.2 Bridged Posterior Distributions and Posterior Propriety

We now take a Bayesian approach by assigning a suitable prior distribution on 𝛽. Denoting

this prior by 𝜋0(𝛽), Bayes theorem provides the posterior

Π(𝛽 | 𝑦) =
∫
𝐿 (𝑦, d𝑧; 𝛽)𝜋0(𝛽)∫ ∫
𝐿 (𝑦, d𝑧; 𝛽)𝜋0(d𝛽)

, subject to 𝑧 = arg min𝜁𝑔(𝜁, 𝑦; 𝛽). (3-3)

When 𝑧 is the unique minimizer, we may remove the first integration from both the numerator and

denominator, replacing d𝑧 by 𝑧. The above distribution can be viewed as obeying an equality

constraint, which acts as a bridge between a probabilistic model and an optimization problem.

Therefore, we refer to Equation 3-3 as a bridged posterior. To clarify, the above formulation
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encompasses the setting of 𝛽 = (𝛽𝐴, 𝛽𝐵), where only the first part 𝛽𝐴 influences the minimization

of 𝑔, and 𝛽𝐵 corresponds to the other parameters.

For such a posterior, it is important to ensure the propriety of Π(𝛽 | 𝑦). To be rigorous, we

note that the derived 𝐿 (𝑦, 𝑧; 𝛽) may be a kernel function proportional to a complete density of 𝑦

up to some missing normalizing constant. Thus it suffices to choose an appropriate 𝜋0(𝛽)

ensuring that
∫
Π(d𝛽 | 𝑦) < ∞.

A challenge arises when checking integrability (such as when verifying posterior propriety),

when 𝐿 (𝑦, 𝑧; 𝛽) is intractable due to the lack of a closed-form solution 𝑧. Generally speaking,

mathematically verifying integrability may vary from case to case; we develop a useful strategy in

the case when 𝐿 (𝑦, 𝑧; 𝛽) is a profile likelihood. Consider the following

𝐿 (𝑦, 𝑧; 𝛽) = exp{−ℎ(𝑦, 𝛽)} exp{−min
𝜁
𝑔(𝜁, 𝑦; 𝛽)}, (3-4)

where 𝑧 = arg min𝜁 𝑔(𝜁, 𝑦; 𝛽). In the optimization literature, min𝜁 𝑔(𝜁, 𝑦; 𝛽) is often referred to as

the primal problem, and 𝑧 as the primal solution. A useful technique is to instead solve an

associated dual problem sup𝛼 𝑔†(𝛼, 𝑦; 𝛽), where 𝛼 ∈ R𝑞 is the dual variable. For example, the

Fenchel dual for convex 𝑔 is based on the conjugate function

𝑔†(𝛼, 𝑦; 𝛽) := sup𝜁 {𝛼⊤𝜁 − 𝑔(𝜁, 𝑦; 𝛽)}, and the Lagrangian dual for 𝛼 under constraints 𝑐(𝛼) ≤ ®0,

where 𝑐(𝛼) ∈ R𝑞 and the inequality holds pointwise, is 𝑔†(𝛼, 𝑦; 𝛽) := inf𝜁∈R𝑝 𝑔(𝜁, 𝑦; 𝛽) + 𝛼⊤𝑐(𝜁),

where the dual variable 𝛼 ≥ ®0. In many cases, the dual problem may be easier to solve, and with

helpful techniques such as variable splitting (discussed further below in the context of latent

normal models), one often obtains 𝑔†(𝛼, 𝑦; 𝛽) in a closed form, even when sup𝛼 𝑔†(𝛼, 𝑦; 𝛽) may

be intractable. Duality theory provides a simple way to produce a useful bound:

Theorem 3-1. For a likelihood Equation 3-4, consider inf𝜁𝑔(𝜁, 𝑦; 𝛽) as the primal problem, and

sup𝛼 𝑔†(𝛼, 𝑦; 𝛽) as the dual problem with 𝐸 the feasible region of 𝛼. Assume that weak duality

holds: sup𝛼 𝑔†(𝛼, 𝑦; 𝛽) ≤ inf𝜁𝑔(𝜁, 𝑦; 𝛽) for any 𝛽 in the domain, given 𝑦. If there exists 𝛼̃ ∈ 𝐸

such that
∫

exp[−ℎ(𝑦, 𝛽)] exp[−𝑔†(𝛼̃, 𝑦; 𝛽)]𝜋0(d𝛽) < ∞, then
∫
Π(d𝛽 | 𝑦) < ∞.
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Remark 3-2. The proof follows rather trivially from the fact that 𝑔†(𝛼̃, 𝑦; 𝛽) ≤ sup𝛼 𝑔†(𝛼, 𝑦; 𝛽).

On the other hand, this result leads to a very useful method for checking integrability—we do not

have to solve for the optimal dual variable 𝛼̂ at which sup 𝑔†(𝛼, 𝑦; 𝛽) is attained. Instead, we just

need to find any 𝛼̃ ∈ 𝐸 that makes the product integrable. Moreover, the criteria for weak duality

are straightforward to check: for Fenchel duals, 𝑔 needs to be convex, and for Lagrangian duals, 𝑔

can be convex or non-convex. We now illustrate the application of the theorem via a working

example.

Example 3-3 (Latent normal model and latent quadratic exponential model). We modify the

canonical latent normal model that uses a full likelihood:

𝐿̃ (𝑦, 𝜁 ; 𝛽) ∝ exp
{
−1

2
𝜁⊤𝑄−1(𝛽; 𝑥)𝜁

} 𝑛∏
𝑖=1

𝑣(𝑦𝑖 | 𝜁𝑖), (3-5)

where 𝑣 is commonly a log-concave density of 𝑦𝑖 conditionally independent for 𝑖 = 1, . . . , 𝑛,

𝑄(𝛽; 𝑥) is parameterized by a covariance kernel such as 𝑄(𝛽; 𝑥)𝑖, 𝑗 = 𝜏 exp(−∥𝑥𝑖 − 𝑥 𝑗 ∥2/2𝑏) with

𝑥𝑖 ∈ R𝑑 the observed predictor/location, and parameter 𝛽 = (𝜏, 𝑏) ∈ R2. In our example, we focus

on binary 𝑦𝑖 from Bernoulli distribution under logistic link 𝑣(𝑦𝑖 | 𝜁𝑖) = exp(𝑦𝑖𝜁𝑖)/{1 + exp(𝜁𝑖)}.

We now minimize 𝑔(𝜁, 𝑦; 𝛽) = − log 𝐿̃ (𝑦, 𝜁 ; 𝛽) over 𝜁 ∈ R𝑛 to induce a conditionally

deterministic 𝑧, with profile likelihood:

𝐿 (𝑦, 𝑧; 𝛽) ∝ exp
{
−1

2
𝑧⊤𝑄−1(𝛽; 𝑥)𝑧

}{ 𝑛∏
𝑖=1

𝑣(𝑦𝑖 | 𝑧𝑖)
}
, 𝑧 = arg min𝜁 {− log 𝐿 (𝑦, 𝜁 ; 𝛽)}. (3-6)

As 𝑔(𝜁, 𝑦; 𝛽) can be conveniently decomposed into the sum of a quadratic function and a convex

function, this lends itself to variable splitting using the constraint 𝑢 = 𝜁 . With 𝛼 ∈ R𝑛 the

Lagrange multiplier, we have the Langragian dual

𝑔†(𝛼, 𝑦; 𝛽) = inf
𝜁,𝑢

1
2
𝜁⊤𝑄−1𝜁 + 𝛼⊤(𝜁 − 𝑢) +

𝑛∑︁
𝑖=1

{
−𝑦𝑖𝑢𝑖 + log(1 + exp(𝑢𝑖))

}
,
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where we use 𝑄 = 𝑄(𝛽; 𝑥) to ease notation. This leads to

𝜁 = −𝑄𝛼, 𝑢̂𝑖 = log
𝛼𝑖 + 𝑦𝑖

1 − (𝛼𝑖 + 𝑦𝑖)
for 𝑖 = 1, . . . , 𝑛,

whenever (𝛼 + 𝑦) ∈ (0, 1)𝑛; otherwise the infimum takes −∞. We have the dual function:

𝑔†(𝛼, 𝑦; 𝛽) = −1
2
𝛼⊤𝑄𝛼 −

𝑛∑︁
𝑖=1

{
(𝑎𝑖 + 𝑦𝑖) log

𝛼𝑖 + 𝑦𝑖
1 − (𝛼𝑖 + 𝑦𝑖)

− log
1

1 − (𝛼𝑖 + 𝑦𝑖)

}
,

subject to (𝛼 + 𝑦) ∈ (0, 1)𝑛.

(3-7)

At a given 𝛼 satisfying (𝛼 + 𝑦) ∈ (0, 1)𝑛, we have

exp{−𝑔†(𝛼, 𝑦; 𝛽)} = exp
{

1
2
𝛼⊤𝑄(𝛽; 𝑥)𝛼

} 𝑛∏
𝑖=1

[
(𝛼𝑖 + 𝑦𝑖)𝑎𝑖+𝑦𝑖 {1 − (𝛼𝑖 + 𝑦𝑖)}1−(𝑎𝑖+𝑦𝑖)

]
.

Due to some similarity between the above form and the quadratic exponential model in

McCullagh (1994), we refer to Equation 3-6 as a latent quadratic exponential model. It is not hard

to see that the above is an integrable upper bound for 𝑦, since 𝑦𝑖 ∈ {0, 1}, (𝛼𝑖 + 𝑦𝑖) and

1 − (𝛼𝑖 + 𝑦𝑖) are both bounded above. To find an appropriate prior for 𝛽, the second part does not

involve 𝛽 at any fixed 𝛼. It suffices to find a prior such that for a feasible 𝛼̃:

∫
exp

{
1
2
𝛼̃⊤𝑄(𝛽; 𝑥)𝛼̃

}
𝜋0(d𝛽) < ∞.

Using 𝑄(𝛽; 𝑥)𝑖, 𝑗 = 𝜏 exp(−∥𝑥𝑖 − 𝑥 𝑗 ∥2/2𝑏), the matrix spectral norm ∥𝑄(𝛽; 𝑥)∥2 ≤ 𝑛𝜏. As we may

choose any feasible 𝛼̃, we take 𝛼̃𝑖 = −(1/𝑛)1(𝑦𝑖 = 1) + (1/𝑛)1(𝑦𝑖 = 0). Since

𝛼̃⊤𝑄(𝛽; 𝑥)𝛼̃ ≤ ∥𝛼̃∥22∥𝑄(𝛽; 𝑥)∥2 = 𝜏, it suffices to assign a half-normal prior for 𝜏 proportional to

exp(−𝑐1𝜏
2) with 𝑐1 > 0 and with any proper prior on 𝑏 > 0.

Remark 3-3. For the above example, strong duality holds: sup𝛼 𝑔†(𝛼, 𝑦; 𝛽) = inf𝜁 𝑔(𝜁, 𝑦; 𝛽).

Therefore, we can use the dual ascent algorithm to find 𝛼̂ = arg max𝛼:(𝛼+𝑦)∈(0,1)𝑛𝑔
†(𝛼, 𝑦; 𝛽), and

then set 𝑧 = −𝑄𝛼̂. Note that neither the dual function Equation 3-7 nor its gradient with respect to
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𝛼 requires the inversion 𝑄−1, an 𝑂 (𝑛3) operation, so that optimization can be carried out very

efficiently. At the same time, 𝐿 (𝑦, 𝑧; 𝛽) can be evaluated quickly since 𝑧⊤𝑄−1𝑧 = 𝛼̂⊤𝑄𝛼̂. In

contrast, the latent normal model would involve matrix inversion and decomposition for sampling

latent 𝜁 . We defer the numerical experiments to Section 3.5.

3.2.3 Predictive Distribution

In addition to parameter estimation, one may be interested in making predictions on data

𝑦 (𝑛+1):(𝑛+𝑘) and quantifying their uncertainty, using the following distribution:

Π
{
𝑦 (𝑛+1):(𝑛+𝑘) | 𝑦1:𝑛

}
∝

∫
𝐿
{
𝑦 (𝑛+1):(𝑛+𝑘) | 𝑦1:𝑛, 𝛽

}
Π(d𝛽 | 𝑦1:𝑛)

∝
∫

𝐿{𝑦1:(𝑛+𝑘) , 𝑧(𝑦1:(𝑛+𝑘) , 𝛽), 𝛽}
𝐿{𝑦1:𝑛, 𝑧(𝑦1:𝑛, 𝛽), 𝛽}

Π(d𝛽 | 𝑦1:𝑛),

for which we could take each posterior sample of 𝛽, and simulate a vector 𝑦 (𝑛+1):(𝑛+𝑘) with kernel

proportional to 𝐿{𝑦1:(𝑛+𝑘) , 𝑧(𝑦1:(𝑛+𝑘) , 𝛽), 𝛽}. When we lack a way to directly draw from the joint

distribution of 𝑦 (𝑛+1):(𝑛+𝑘) , note that

𝐿{𝑦1:(𝑛+𝑘) , 𝑧(𝑦1:(𝑛+𝑘) , 𝛽), 𝛽}
𝐿{𝑦1:𝑛, 𝑧(𝑦1:𝑛, 𝛽), 𝛽}

=

𝑘∏
𝑗=1

𝐿{𝑦1:(𝑛+ 𝑗) , 𝑧(𝑦1:(𝑛+ 𝑗) , 𝛽), 𝛽}
𝐿{𝑦1:(𝑛+ 𝑗−1) , 𝑧(𝑦1:(𝑛+ 𝑗−1) , 𝛽), 𝛽}

,

suggesting that we can simulate 𝑦𝑛+ 𝑗 sequentially for 𝑗 = 1 . . . 𝑘 . When 𝑦𝑛+ 𝑗 is in a

low-dimensional (often one-dimensional) space, we can employ a simple algorithm such as

rejection sampling. Note that all elements in 𝑧 = 𝑧(𝑦1:(𝑛+𝑘) , 𝛽) ∈ R𝑝 may vary according to

𝑦1:(𝑛+𝑘); we emphasize this by using the notation 𝑧(𝑦1:(𝑛+𝑘) , 𝛽). This implies that when there is no

closed-form solution for 𝑧, there is an additional burden to compute 𝑧(𝑦1:(𝑛+ 𝑗) , 𝛽) wherever 𝑗

increments to 𝑗 + 1. Fortunately, for the problem 𝑧(𝑦1:(𝑛+ 𝑗+1) , 𝛽) = arg min𝜁𝑔(𝜁, 𝑦1:(𝑛+ 𝑗+1); 𝛽), we

can initialize 𝜁 at the last optimal when predicting 𝑦𝑛+ 𝑗 , 𝑧(𝑦1:(𝑛+ 𝑗) , 𝛽), and it takes a few iterations

of optimization steps to converge to 𝑧(𝑦1:(𝑛+ 𝑗+1) , 𝛽). For advanced problems, there is a large

literature on online optimization algorithms (Jadbabaie et al., 2015) that can be employed to

efficiently obtain sequential updates.
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For concreteness, we highlight a useful property of the above predictive distribution in the

context of classification problems. We can find a hyperplane that not only divides the fully

observed data with both predictors 𝑥𝑖 and labels 𝑦𝑖 for 𝑖 = 1, . . . , 𝑛, but also seeks to separate the

observed unlabeled data 𝑥𝑖′ with corresponding (unobserved) label 𝑦𝑖′ , 𝑖′ = 𝑛 + 1, . . . , 𝑛 + 𝑘 . This

further improves the classification accuracy, and is often called the semi-supervised setting in the

machine learning literature (Chapelle et al., 2010).

Example 3-4 (Bayesian Maximum Margin Classifier for Partially Labeled Data). Consider the

following likelihood that extends the support vector machine (Cortes and Vapnik, 1995), for 𝑛

labeled data (𝑥𝑖, 𝑦𝑖) ∈ R𝑝 × {−1, 1} and 𝑘 unlabeled predictors 𝑥 𝑗 ∈ R𝑝:

𝐿
[
{𝑦𝑖}𝑛𝑖=1, 𝑧 = (𝑧𝑤, 𝑧𝑏); 𝛽, {𝑥𝑖}

𝑛+𝑘
𝑖=1

]
∝

∑︁
{𝑦𝑛+ 𝑗 }𝑘𝑗=1∈{−1,1}𝑘

exp
{
− 1

2
𝛽∥𝑧𝑤 ∥22 −

𝑛+𝑘∑︁
𝑖=1

ℎ(𝑧, 𝑦𝑖; 𝛽, 𝑥𝑖)
}
,

𝑧 = arg min𝜁=(𝜁𝑤 ,𝜁𝑏)
1
2
𝛽∥𝜁𝑤 ∥22 +

𝑛+𝑘∑︁
𝑖=1

ℎ(𝜁, 𝑦𝑖; 𝛽, 𝑥𝑖), ℎ(𝜁, 𝑦𝑖; 𝛽, 𝑥𝑖) = max
{
1 − 𝑦𝑖 (𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏), 0

}
,

(3-8)

where 𝑧𝑤 ∈ R𝑝, 𝜁𝑤 ∈ R𝑝 and 𝑧𝑏 ∈ R, 𝜁𝑏 ∈ R. We treat 𝑥𝑖 as fixed, so that the above likelihood is

viewed as a discrete distribution for (𝑦1, . . . , 𝑦𝑛+𝑘 ). The function ℎ is the hinge loss, which takes

value zero when 𝑦𝑖 = 1, 𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏 ≥ 1, or when 𝑦𝑖 = −1, 𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏 ≤ −1. Effectively, the loss

function penalizes not only the misclassified points (𝑥𝑖, 𝑦𝑖) : 𝑦𝑖 (𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏) < 0, but also the points

in the band between two boundaries {𝑥 : −1 < 𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏 < 1}. The inclusion of (1/2)𝛽∥𝑧𝑤 ∥22
leads to a maximum distance between the two hyperplanes {𝑥 : 𝑧⊤𝑤𝑥 + 𝑧𝑏 = 1} and

{𝑥 : 𝑧⊤𝑤𝑥 + 𝑧𝑏 = −1}, under 𝛽-adjusted tolerance to non-zero hinge losses.

For comparison, if we were to use a Gibbs posterior with likelihood of the form of

Equation 3-8—without the equality constraint so that 𝑧 is replaced by 𝜁 , then it would hold that

𝑝(𝑦𝑖 | 𝜁, 𝛽, 𝑥𝑖) ∝ exp{−ℎ(𝜁, 𝑦𝑖; 𝛽, 𝑥𝑖)} independently for 𝑖 = 𝑛 + 1, . . . , 𝑛 + 𝑘 . In particular, the

distribution under the Gibbs posterior would yield

𝐿̃
[
{𝑦𝑖}𝑛𝑖=1, 𝜁 ; 𝛽, {𝑥𝑖}𝑛+𝑘𝑖=1

]
= 𝐿̃

[
{𝑦𝑖}𝑛𝑖=1, 𝜁 ; 𝛽, {𝑥𝑖}𝑛𝑖=1

]
via marginalization, which fails to incorporate

any information from the observed (𝑥𝑛+1, . . . , 𝑥𝑛+𝑘 ). See Liang et al. (2007) for a comprehensive
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discussion. Now, under our bridged posterior approach, denote the conditional optimum

Figure 3-1. Intuition on how the Bayesian maximum margin classifier (a bridged posterior based
on conditional minimization of the hinge loss) incorporates information from both the
labeled (𝑦𝑖 observed) and unlabeled data (𝑦𝑖 unobserved). The posterior puts a high
probability on a decision boundary with a small misclassification error among
observed data (blue and green points), while trying to avoid having the decision band
{𝑥 : −1 < 𝜁⊤𝑤 𝑥 + 𝜁𝑏 < 1} cover the unlabeled predictors 𝑥 𝑗 (magenta points).

𝑧 = 𝑧
(
{𝑦𝑖}𝑛+𝑘𝑖=1 , 𝛽; {𝑥𝑖}𝑛+𝑘𝑖=1

)
. Though a closed-form marginal for Equation 3-8 is not available, we

know from the Lagrangian dual with multiplier 𝛼 ∈ R𝑛+𝑘 (Chang and Lin, 2011) that the decision

hyperplane C𝑧 = {𝑥 : 𝑧⊤𝑤𝑥 + 𝑧𝑏 = 0} satisfies

𝑧𝑤 =

𝑛+𝑘∑︁
𝑖=1
(𝛼𝑖𝑦𝑖)𝑥𝑖, where 0 ≤ 𝛼𝑖 ≤ 𝛽−1,

and there are only a few 𝛼𝑖 ≠ 0 for which (𝜁⊤𝑤 𝑥𝑖 + 𝜁𝑏)𝑦𝑖 ≤ 1—these are the so-called support

vectors. Regardless of the values of {𝑦𝑖}𝑛+𝑘𝑖=𝑛+1, the decision boundary can be influenced by the

unlabeled predictor {𝑥𝑖}𝑛+𝑘𝑖=𝑛+1. Intuitively, the bridged posterior assigns higher probability to a

hyperplane C𝑧 with a small misclassification error among observed data, while avoiding unlabeled

predictors 𝑥𝑖 in the band {−1 < 𝜁⊤𝑤 𝑥 + 𝜁𝑏 < 1}. We use Figure 3-1 to show the intuition and

provide numerical results in the Section 3.5.2.
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3.3 Posterior Computation

One appealing property of the bridged posterior is that the joint distribution Π(𝛽, 𝑧 | 𝑦) is

supported on a low dimensional space relative to the ambient space, with intrinsic dimension

determined by 𝛽. This leads to efficient posterior estimation via MCMC algorithms.

3.3.1 Metropolis–Hastings with Conditional Optimization

We first focus on the case of 𝛽 ∈ R𝑑 with a small 𝑑, which allows us to use simple MCMC

algorithms such as Metropolis–Hastings for posterior sampling. At MCMC iteration 𝑡, we denote

the posterior kernel as:

Π
{
𝛽(𝑡) | 𝑦

}
= 𝑚𝐿

{
𝑦, 𝑧(𝑡); 𝛽(𝑡)

}
𝜋0(𝛽(𝑡)), 𝑧(𝑡) = 𝑧(𝑦, 𝛽(𝑡)) = arg min𝜁𝑔(𝜁, 𝑦; 𝛽(𝑡)).

where 𝑚 is the normalizing constant that does not involve 𝛽(𝑡) or 𝑧(𝑡) . We assume that 𝜋0 has a

closed form and 𝐿 has a closed form as a function of
{
𝑦 (𝑡) , 𝑧(𝑡) , 𝛽(𝑡)

}
, although 𝑧(𝑡) may not have a

closed form. This allows us to use a simple Metropolis–Hastings algorithm:

• Draw proposal 𝛽∗ ∼ 𝐺 (·; 𝛽(𝑡))

• Run optimization subroutine to find 𝑧∗ = arg min𝜁𝑔(𝜁, 𝑦; 𝛽∗).

• Set 𝛽(𝑡+1) ← 𝛽∗, 𝑧(𝑡+1) ← 𝑧∗ with probability:

1 ∧ 𝐿 (𝑦, 𝑧∗; 𝛽∗)𝜋0(𝛽∗)𝐺 (𝛽(𝑡); 𝛽∗)
𝐿
{
𝑦, 𝑧(𝑡); 𝛽(𝑡)

}
𝜋0(𝛽(𝑡))𝐺 (𝛽∗; 𝛽(𝑡))

.

Otherwise, set 𝛽(𝑡+1) ← 𝛽(𝑡) , 𝑧(𝑡+1) ← 𝑧(𝑡) .

In this article, for algorithmic simplicity, we take 𝛽 as unconstrained in R𝑑 under appropriate

reparametrization (such as the softplus transformation for positive scalars

𝛽1 = log[1 + exp(𝛽1)] > 0). We use 𝐺 (·; 𝛽(𝑡)) as Uniform(𝛽(𝑡) − 𝑠, 𝛽(𝑡) + 𝑠), where 𝑠 ∈ R𝑑≥0 is a

tuning parameter that controls the step size in each dimension. When running MCMC for each of

the examples presented, we make use of an adaptation period to tune 𝑠 so that the empirical

acceptance rate is close to 0.3, after which we fix 𝑠 and collect Markov chain samples. This
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exhibits excellent mixing performance empirically. For higher dimension 𝑑, one can use

informative proposals such as the Metropolis-adjusted Langevin algorithm (MALA) or

Hamiltonian Monte Carlo.

3.3.2 Diffusion-based Algorithms for Profile Likelihood-based Bridged Posterior

We first show that gradients (or sub-gradients) are readily available in cases when a profile

likelihood is used, and then we discuss its use in the MALA algorithm. Under the bridged

posterior, the lack of closed forms for 𝑧 presents a potential challenge to these methods, leading to

intractable gradients or subgradients with respect to 𝑧. However, for those based on the profile

likelihood, this issue can be bypassed entirely. Consider the posterior deriving from Equation 3-4,

Π(𝛽 | 𝑦) ∝ 𝜋0(𝛽) exp{−ℎ(𝑦, 𝛽)} exp{−min
𝜁
𝑔(𝜁, 𝑦; 𝛽)}, 𝑧 = arg min𝜁𝑔(𝜁, 𝑦; 𝛽).

If 𝑔(𝜁, 𝑦; 𝛽), as an unconstrained function of three inputs, is differentiable in 𝜁 and 𝛽 almost

everywhere, then we have a very simple gradient expression provided 𝑧 = arg min𝜁 𝑔(𝜁, 𝑦; 𝛽) is

differentiable with respect to 𝛽:

𝜕min𝜁 𝑔(𝜁, 𝑦; 𝛽)
𝜕𝛽

=
𝜕𝑔(𝜁, 𝑦; 𝛽)

𝜕𝛽

����
𝜁=𝑧

.

This is due to the envelope theorem.

When 𝑧 may not be differentiable in 𝛽 but is strictly continuous in 𝛽, the expression

𝜕𝑔(𝜁, 𝑦; 𝛽)/𝜕𝛽
��
𝜁=𝑧

still holds as a subgradient of min𝜁 𝑔(𝜁, 𝑦; 𝛽) with respect to 𝛽 (Rockafellar

and Wets, 2009, Theorem 10.49). For completeness, recall a subgradient of 𝑓 : R𝑑 → R at 𝑥 ∈ R𝑑

is a vector 𝑣 ∈ R𝑑 that satisfies 𝑓 (𝑦) ≥ 𝑓 (𝑥) + 𝑣⊤(𝑦 − 𝑥) for any 𝑦 in the domain. In

subgradient-based MCMC samplers (Tang and Yang, 2024), one typically refers to a local

subgradient with inequality held for 𝑦 : ∥𝑦 − 𝑥∥ ≤ 𝜖 under a sufficiently small 𝜖 > 0. When 𝑓 is

differentiable at 𝑥, there is a unique subgradient, coinciding with the usual gradient. We use

∇̃ logΠ(𝛽 | 𝑦) to denote a subgradient evaluated at point 𝛽. For reversibility, in the case when

there is more than one subgradient at 𝛽, we impose a constraint that ∇̃ logΠ(𝛽 | 𝑦) is chosen as
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one of the subgradients in a pre-determined way. This constraint is implicitly satisfied in most

computing software, for example, most packages will output ∇̃|𝛽1 |1 = 0 when 𝛽1 = 0, even though

any value [−1, 1] is a subgradient. We now describe the MALA algorithm with preconditioning:

• Draw proposal 𝛽∗ ∼ N
[
·; 𝛽(𝑡) + 𝜏𝑀∇̃ logΠ{𝛽(𝑡) | 𝑦}, 2𝜏𝑀

]
.

• Run optimization algorithm to find 𝑧∗ = arg min𝜁𝑔(𝜁, 𝑦; 𝛽∗).

• Set 𝛽(𝑡+1) ← 𝛽∗, 𝑧(𝑡+1) ← 𝑧∗ with probability:

1 ∧
𝐿 (𝑦, 𝑧∗; 𝛽∗)𝜋0(𝛽∗)N

{
𝛽(𝑡); 𝛽∗ + 𝜏𝑀∇̃ logΠ(𝛽∗ | 𝑦), 2𝜏𝑀

}
𝐿{𝑦, 𝑧(𝑡); 𝛽(𝑡)}𝜋0(𝛽(𝑡))N

[
𝛽∗; 𝛽(𝑡) + 𝜏𝑀∇̃ logΠ{𝛽(𝑡) | 𝑦}, 2𝜏𝑀

] .
Otherwise, set 𝛽(𝑡+1) ← 𝛽(𝑡) , 𝑧(𝑡+1) ← 𝑧(𝑡) .

In the above, 𝑀 ∈ R𝑑×𝑑 is positive definite and 𝜏 > 0 is the step size.

3.4 Asymptotic Theory

Many Bayesian models satisfy a Bernstein-von Mises (BvM) theorem under suitable

regularity conditions, that is the posterior distribution of
√
𝑛(𝛽 − 𝛽𝑛) where 𝛽𝑛 denotes the

maximum likelihood estimator (MLE) converges to a normal distribution centered at 0, with

covariance equal to the inverse Fisher information evaluated at 𝛽0, denoted by 𝐻−1
0 .

In a canonical Bayesian approach involving latent variable 𝜁 (that is not conditionally

determined), one could focus on the integrated posterior based on integrated likelihood (Berger

et al., 1999; Severini, 2007), Π(𝛽 | 𝑦) ∝
{∫

𝐿 (𝑦, d𝜁 ; 𝛽)
}
𝜋0(𝛽). For this integrated posterior,

BvM results hold for
√
𝑛(𝛽 − 𝛽𝑛) under appropriate conditions, with asymptotic covariance 𝐻−1

0

(Bickel and Kleijn, 2012; Castillo and Rousseau, 2015).

Since 𝑧 is now conditionally determined given (𝑦, 𝛽) under our bridged posterior, it may

seem intuitive to expect that the posterior of 𝛽 would reflect a lower amount of uncertainty (such

as having smaller marginal variances) compared to its integrated posterior counterpart.

Surprisingly, we dispel this belief in the asymptotic regime—our result below proves that the

bridged posterior of 𝛽 enjoys the same BvM result with covariance 𝐻−1
0 .
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We establish sufficient conditions for BvM results under both parametric and

semi-parametric cases. To be clear, the parametric setting commonly refers to when both 𝛽 and 𝑧

have fixed dimensions, while the semi-parametric one does to when 𝛽 has a fixed dimension, but 𝑧

has a dimension that could grow indefinitely (for instance, increasing with 𝑛). Therefore, the

result developed under the semi-parametric setting can be easily extended to the parametric

setting, under the same sufficient conditions while fixing the dimension of 𝑧.

In the following, we first focus on the BvM result for general bridged posterior which may or

may not be based on a profile likelihood. Because we consider a broad family of distributions, we

rely on relatively strong conditions here, such as differentiability of the likelihood in a parametric

setting. Next, we relax the differentiability requirements and extend our scope to the

semi-parametric setting. As this latter setting presents more challenging conditions, we will

restrict our focus to the sub-class of bridged posteriors based on profile likelihoods in our

treatment of the semi-parametric case. In both settings, we consider 𝛽 in the parameter space

Θ ⊂ R𝑑 and that there is a fixed ground-truth 𝛽0, and the prior density 𝜋0(𝛽) to be continuous at

𝛽0 with 𝜋0(𝛽0) > 0. We use ∥ · ∥ as the Euclidean–Frobenius norm, and

𝐵𝑟 (𝛽0) = {𝛽 ∈ R𝑑 : ∥𝛽 − 𝛽0∥ < 𝑟} as a ball of radius 𝑟.

3.4.1 General Bridged Posterior under Parametric Setting

For a real-valued function 𝛼(𝑥) defined on R𝑑 , we denote first, second and third derivatives

by 𝛼′(𝑥) ∈ R𝑑 , 𝛼′′(𝑥) ∈ R𝑑×𝑑 and 𝛼′′′(𝑥) ∈ R𝑑×𝑑×𝑑 , respectively. For a vector-valued function

𝛼(𝑥) = {𝛼1(𝑥), . . . , 𝛼𝑚 (𝑥)}, we again use notations 𝛼′(𝑥), 𝛼′′(𝑥) and 𝛼′′′(𝑥) to denote the

derivatives, to be understood as tensors one order higher. We say a sequence of functions 𝛼𝑛

uniformly bounded on 𝐸 if the set {∥𝛼𝑛 (𝑥)∥ : 𝑥 ∈ 𝐸, 𝑛 ∈ N} is bounded. We use
𝑎.𝑠.[𝑦1:𝑛]−−−−−−−→
𝑛→∞

for

almost sure convergence, and
𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

for convergence in probability.

To ease the notation, we define

𝑙𝑛 (𝛽, 𝜁) = log 𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽)/𝑛, 𝑙𝑛 (𝛽) = 𝑙𝑛{𝛽, 𝑧𝑛 (𝛽)} = log 𝐿{𝑦1:𝑛, 𝑧𝑛 (𝛽); 𝛽}/𝑛,
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where the CDLV 𝑧𝑛 (𝛽) := arg min𝜁 𝑔𝑛 (𝜁, 𝑦1:𝑛; 𝛽). Let 𝐸 be an open and bounded subset of Θ such

that 𝛽0 ∈ 𝐸 . We first state and explain some assumptions.

Assumption 3-1. The function 𝑙𝑛 has continuous third derivatives on 𝐸 × 𝑧𝑛 (𝐸), 𝑧𝑛 has

continuous third derivatives on 𝐸 , 𝑙′′′𝑛 is uniformly bounded on 𝐸 × 𝑧𝑛 (𝐸), and 𝑧′′′𝑛 is uniformly

bounded on 𝐸 , 𝑎.𝑠.[𝑦1:𝑛].

Assumption 3-2. The two functions 𝑧𝑛 → 𝑧∗ 𝑎.𝑠.[𝑦1:𝑛] on Θ for some function 𝑧∗, 𝑙𝑛 → 𝑙∗

𝑎.𝑠.[𝑦1:𝑛] for some function 𝑙∗.

Assumption 3-3. The limit 𝑙∗ has positive definite −𝑙′′∗ {𝛽0, 𝑧∗(𝛽0)} and satisfies
𝜕𝑙∗ (𝛽0,𝜁)

𝜕𝜁
|𝜁=𝑧∗ (𝛽0) = 0.

Assumption 3-4. For some compact 𝐾 ⊆ 𝐸 with 𝛽0 in the interior of 𝐾 ,

𝑙∗(𝛽, 𝜁) < 𝑙∗{𝛽0, 𝑧∗(𝛽0)} for all 𝛽 ∈ 𝐾\{𝛽0}, 𝜁 ∈ 𝑧∗(𝐸) 𝑎.𝑠.[𝑦1:𝑛],

lim sup
𝑛

sup
𝛽∈Θ\𝐾,𝜁∈𝑧𝑛 (Θ)

𝑙𝑛 (𝛽, 𝜁) < 𝑙∗{𝛽0, 𝑧∗(𝛽0)} 𝑎.𝑠.[𝑦1:𝑛] .

Assumption 3-1–3-2 are often imposed to enable a second-order Taylor expansion (Miller,

2021); Assumption 3-3 focuses on the cases when 𝛽 = 𝛽0 and gives the local second-order

optimal condition of 𝑙∗(𝛽0, 𝜁) at 𝜁 = 𝑧∗(𝛽0), where 𝑧∗(𝛽0) can be produced as the minimizer of

another loss function 𝑔; Assumption 3-4 ensures the dominance of 𝑙∗ at {𝛽0, 𝑧∗(𝛽0)} over all

possible (𝛽, 𝜁) in the described neighborhood, including those points with 𝛽 ≠ 𝛽0. With the

above, we are ready to state the BvM result on the general bridged posterior for parametric models

where 𝜁 ∈ R𝑝 has a fixed and finite dimension.

Theorem 3-2. Under Assumptions 3-1–3-4, there is a sequence 𝛽𝑛 → 𝛽0 such that 𝑙′𝑛 (𝛽𝑛) = 0 for

all 𝑛 large enough, 𝑙𝑛 (𝛽𝑛) → 𝑙∗(𝛽0) where 𝑙∗(𝛽) = 𝑙∗{𝛽, 𝑧∗(𝛽)}. Further, letting 𝑞𝑛 be the density

of
√
𝑛(𝛽 − 𝛽𝑛) when 𝛽 ∼ Π𝑛 (𝛽 | 𝑦), and N the normal density, we have the total variational

distance dTV
{
𝑞𝑛,N

(
0, 𝐻−1

0
)} 𝑎.𝑠.[𝑦1:𝑛]−−−−−−−→

𝑛→∞
0 with 𝐻0 = −𝑙′′∗ (𝛽0).
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The result above shows that fixing 𝜁 to 𝑧 does not impact the asymptotic variance of 𝛽. On

the other hand, since 𝑧 is finite-dimensional and differentiable on 𝐸 , we can use the delta method

to find out the asymptotic covariance of 𝑧. For bridged posterior using profile likelihood, we do

find lower uncertainty in Π(𝑧 | 𝑦) under a bridged posterior compared to Π(𝜁 | 𝑦) under an

integrated one, as formalized below.

Corollary 3-1. Under Assumptions 3-1–3-4 and 𝑔𝑛 (𝜁, 𝑦1:𝑛; 𝛽) = −𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽), for 𝑗 = 1, . . . , 𝑝,

the asymptotic variance of the 𝑗-th element of
√
𝑛{𝜁 − 𝑧𝑛 (𝛽𝑛)} is strictly greater than the one of

the 𝑗-th element of
√
𝑛{𝑧𝑛 (𝛽) − 𝑧𝑛 (𝛽𝑛)}.

Remark 3-4. In the proof of Corollary 3-1, we show that for the bridged posterior based on profile

likelihood, the inverse asymptotic variance 𝐻0 = −𝑙′′∗ (𝛽0) = −𝑙∗,𝛽0𝛽0 + 𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0 , where

𝑙∗,𝛽0𝛽0 , 𝑙∗,𝜁0𝜁0 , 𝑙∗,𝜁0𝛽0 , 𝑙∗,𝛽0𝜁0 are the second partial derivatives of 𝑙∗ evaluated at

𝛽 = 𝛽0, 𝜁 = 𝜁0 = 𝑧∗(𝛽0). On the other hand, for the integrated posterior (marginal posterior),

letting 𝑄̃𝑛 denote the posterior distribution of
√
𝑛(𝛽 − 𝛽𝑛) when

𝛽 ∼ Π̃(𝛽 | 𝑦) ∝ 𝜋0(𝛽)
∫
𝐿 (𝑦, d𝜁 ; 𝛽), the BvM theorem (Miller, 2021) states that

dTV
{
𝑄̃𝑛,N

(
0, 𝐻̃−1

0
)} 𝑎.𝑠.[𝑦1:𝑛]−−−−−−−→

𝑛→∞
0 where 𝐻̃−1

0 is the 𝛽-block of the inverse full Fisher information

−
[
𝑙′′∗ (𝛽0, 𝜁0)

]−1. The block matrix inversion shows that 𝐻0 = 𝐻̃0.

3.4.2 Semi-parametric Bridged Posterior using Profile Likelihood

In the semi-parametric setting, we assume that 𝜁 can be infinite-dimensional and live in

some Hilbert spaceH , and that there exists a fixed 𝜁0 ∈ H . We define

𝑙𝑛 (𝛽, 𝜁) = log 𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽)/𝑛, 𝑙𝑛 (𝛽) = log{sup
𝜁

𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽)}/𝑛,

where the former corresponds to a full likelihood 𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽) with unconstrained 𝜁 , and the latter

to a profile likelihood sup𝜁 𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽). In addition to the potentially infinite dimension, another

challenge is that 𝑙𝑛 (𝛽, 𝜁) may not be differentiable with respect to 𝜁 .

To facilitate analysis under these challenges, we use the approximately least-favorable

submodel technique; Kosorok (2008) provides a detailed explanation. For this section to be
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self-contained, we overview the important definitions that are involved as the building blocks for

establishing BvM results.

Submodel. For each (𝛽, 𝜁) ∈ Θ ×H , consider a map 𝜁𝑡 (𝛽, 𝜁) indexed by 𝑡 ∈ Θ ⊂ R𝑑:

𝑙𝑛{𝑡, 𝜁𝑡 (𝛽, 𝜁)} is twice differentiable in 𝑡 ∈ Θ, 𝜁𝑡=𝛽 (𝛽, 𝜁) = 𝜁 . (3-9)

Commonly, 𝑙𝑛{𝑡, 𝜁𝑡 (𝛽, 𝜁)} is called a submodel with parameters (𝑡, 𝛽, 𝜁) (Murphy and Van der

Vaart, 2000). For convenience, we use notation 𝑙𝑛 (𝑡, 𝛽, 𝜁) := 𝑙𝑛{𝑡, 𝜁𝑡 (𝛽, 𝜁)}.

Efficient score and Fisher information. Conventionally, the 𝛽-score function of the full

likelihood is ¤𝑙𝑛 (𝛽, 𝜁) = 𝜕𝑙𝑛 (𝛽,𝜁)
𝜕𝛽

. Consider a direction 𝛿 ∈ H̃ (another Hilbert space) such that a

path {𝜁 𝛿𝛾 ∈ H}𝛾∈R𝑑 with 𝜁 𝛿𝛾 → 𝜁0 as 𝛾 → 𝛽0. We can now define the generalized 𝜁-score function

at 𝜁 = 𝜁0 in the direction of 𝛿 by 𝐴𝑛
𝛽0,𝜁0

𝛿 :=
𝜕𝑙𝑛 (𝛽0, 𝜁

𝛿
𝛾 )

𝜕𝛾

����
𝛾=𝛽0

, where 𝐴𝑛
𝛽0,𝜁0

: H̃ ↦→ 𝐿𝑑2 (𝑃𝛽0,𝜁0) is a

map, and 𝐿𝑑2 (𝑃𝛽0,𝜁0) is the space of 𝑑-dimensional vector-valued functions {𝛼1(𝑦), . . . , 𝛼𝑑 (𝑦)}

where each 𝛼𝑖 (𝑦) is 𝐿2-integrable on 𝑦 ∼ 𝑃𝛽0,𝜁0 . In the Section B.2, we provide an illustration of

the above via the Cox regression model. The efficient score function for 𝛽 at (𝛽0, 𝜁0) is defined by

Q ¤𝑙𝑛 (𝛽0, 𝜁0) := ¤𝑙𝑛 (𝛽0, 𝜁0) −P ¤𝑙𝑛 (𝛽0, 𝜁0),

P ¤𝑙𝑛 (𝛽0, 𝜁0) := arg min𝑘E𝛽0,𝜁0



¤𝑙𝑛 (𝛽0, 𝜁0) − 𝜅


2
, 𝜅 ∈ closed linear span of 𝐴𝑛𝛽0,𝜁0

𝛿.

The efficient Fisher information at (𝛽0, 𝜁0) is defined as 𝐼0 := E𝛽0,𝜁0

{
Q ¤𝑙𝑛 (𝛽0, 𝜁0)Q ¤𝑙𝑛 (𝛽0, 𝜁0)⊤

}
.

Equivalently, P ¤𝑙𝑛 (𝛽0, 𝜁0) is the projection of the score function for 𝛽0 onto the closed linear

space spanned by the set {𝐴𝑛
𝛽0,𝜁0

𝛿}
𝛿∈H̃ .

Least favorable model. To connect the two topics above, notice that if Equation 3-9 further

satisfies 𝜕𝑙𝑛 (𝑡,𝛽0,𝜁0)
𝜕𝑡

����
𝑡=𝛽0

= Q ¤𝑙𝑛 (𝛽0, 𝜁0), then we have the submodel 𝑙𝑛 (𝑡, 𝛽, 𝜁) least favorable at

𝑡 = 𝛽0. This is because among all submodels 𝑙𝑛 (𝑡, 𝛽0, 𝜁0), this submodel has the smallest Fisher

information on each dimension of 𝑡 ∈ Θ ⊂ R𝑑 by the definition of Q ¤𝑙𝑛 (𝛽0, 𝜁0). Since our focus is

on the asymptotic regime, we only need the least favorable model condition to hold in a limiting

sense. This leads to the approximately least favorable model. With these ingredients, we are ready
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to derive our results. We first show that the profile 𝑙𝑛 (𝛽) is locally asymptotically normal (LAN).

We require the following sufficient conditions.

Assumption 3-5. There exists a neighborhood 𝑉 ⊂ Θ × Θ ×H containing (𝛽0, 𝛽0, 𝜁0) such that

• sup(𝑡,𝛽,𝜁)∈𝑉


 𝜕2𝑙𝑛 (𝑡,𝛽,𝜁)

𝜕𝑡2
+ 𝐻0



 𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0 for some symmetric 𝐻0 ∈ R𝑑×𝑑; and

• sup(𝑡,𝛽,𝜁)∈𝑉
√
𝑛


 𝜕𝑙𝑛 (𝑡,𝛽,𝜁)

𝜕𝑡
− E𝛽0,𝜁0

𝜕𝑙𝑛 (𝑡,𝛽,𝜁)
𝜕𝑡

− ℎ𝑛∥
𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0 for a sequence of random variables

ℎ𝑛 ∈ R𝑑 ,

where 𝑃𝛽0,𝜁0 and E𝛽0,𝜁0 are defined based on the ground-truth distribution of 𝑦1:𝑛.

Assumption 3-6. The function 𝑧𝑛 (𝛽) converges to 𝜁0 when 𝛽→ 𝛽0 and 𝑛→∞.

Assumption 3-7. There exists a neighborhood𝑈 ⊂ Θ containing 𝛽0 such that

E𝛽0,𝜁0

𝜕𝑙𝑛{𝑡, 𝛽, 𝑧𝑛 (𝛽)}
𝜕𝑡

����
𝑡=𝛽0

= 𝑜𝑃𝛽0 ,𝜁0
(1)

(
∥𝛽 − 𝛽0∥ + 𝑛−1/2) (3-10)

holds for all 𝛽 ∈ 𝑈, 𝑜𝑃𝛽0 ,𝜁0
(1) refers to a term that converges to 0 in 𝑃𝛽0,𝜁0 as 𝑛→∞.

Assumptions 3-5–3-7 are the approximately least favorable submodel conditions. A similar

result for iid data given (𝜁0, 𝛽0) has been previously shown in Murphy and Van der Vaart (2000,

Theorem 1). However, our result is more general and holds regardless of whether (𝑦1:𝑛 | 𝜁0, 𝛽0)

are iid or not, and may be of independent interest outside the context of establishing BvM results.

Lemma 3-1. Under Assumptions 3-5–3-7, there exists a neighborhood 𝐵𝜖 (𝛽0) for some 𝜖 > 0

such that

𝑙𝑛 (𝛽) − 𝑙𝑛 (𝛽0) = (𝛽 − 𝛽0)⊤ℎ𝑛 −
1
2
(𝛽 − 𝛽0)⊤𝐻0(𝛽 − 𝛽0) + 𝑜𝑃𝛽0 ,𝜁0

(1)
{(
∥𝛽 − 𝛽0∥ + 𝑛−1/2)2

}
(3-11)

holds for all 𝛽 ∈ 𝐵𝜖 (𝛽0).

With the LAN condition for 𝑙𝑛 (𝛽), we make the the BvM result statement.
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Theorem 3-3. Assume Equation 3-11 holds with positive definite 𝐻0. Suppose that the maximum

likelihood estimator 𝛽𝑛 exists and converges to 𝛽0 when 𝑛→∞; for any 𝜖 > 0, there exists 𝛿 > 0

such that

𝑃𝛽0,𝜁0

[
inf

∥𝛽−𝛽𝑛∥≥𝜖

{
𝑙𝑛 (𝛽𝑛) − 𝑙𝑛 (𝛽)

}
≥ 𝛿

]
−−−−→
𝑛→∞

1. (3-12)

Then letting 𝜋𝑛 be the density of 𝛽 when 𝛽 ∼ Π𝑛 (𝛽 | 𝑦), we have

∫
𝐵𝜖 (𝛽0)

𝜋𝑛 (𝛽) d𝛽
𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

1 for all 𝜖 > 0, (3-13)

and letting 𝑞𝑛 be the density of
√
𝑛(𝛽 − 𝛽𝑛), we have dTV

{
𝑞𝑛,N

(
0, 𝐻−1

0
)} 𝑃𝛽0 ,𝜁0−−−−→

𝑛→∞
0.

Remark 3-5. We provide a detailed comparison with existing BvM results on semi-parametric

models in Section B.3. Here, we compare the asymptotic variance of the bridged posterior with

that of the integrated posterior. According to the BvM theorem for the integrated posterior (Bickel

and Kleijn, 2012, Theorem 2.1), under certain regularity conditions, letting 𝑄̃𝑛 denote the

posterior probability distribution of
√
𝑛(𝛽 − 𝛽0) where 𝛽 ∼ Π̃(𝛽 | 𝑦) ∝ 𝜋0(𝛽)

∫
𝐿 (𝑦, d𝜁 ; 𝛽), we

have dTV
{
𝑄̃𝑛,N

(
Δ̃𝑛, 𝐼

−1
0

)} 𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0, where Δ̃𝑛 =
√
𝑛𝐼−1

0 Q ¤𝑙𝑛 (𝛽0, 𝜁0). Here, 𝐼0 and Q ¤𝑙𝑛 (𝛽0, 𝜁0)

denote the efficient Fisher information and the efficient score function, respectively, as defined

earlier. A key assumption in their theory is the existence of a least favorable model, which ensures

that the submodel satisfies 𝜕𝑙𝑛 (𝑡, 𝛽0, 𝜁0)/𝜕𝑡 |𝑡=𝛽0 = Q ¤𝑙𝑛 (𝛽0, 𝜁0), and under this condition, the

efficient Fisher information is given by 𝐼0 = −E𝛽0,𝜁0

{
𝜕2𝑙𝑛 (𝑡, 𝛽0, 𝜁0)/𝜕𝑡2 |𝑡=𝛽0

}
. This formulation

coincides with our assumption in Assumption 3-5, under which we also have inverse asymptotic

variance 𝐻0 = 𝐼0.

3.5 Simulations

3.5.1 Latent Quadratic Exponential Model

We compare a latent normal model and a latent quadratic exponential model, based on

Example 3-3. To simulate data for benchmarking, we generate random locations

𝑥1, . . . , 𝑥1000 ∼ Uniform(−6, 6), and ground-truth mean from a latent curve 𝑧𝑖 = cos(𝑥𝑖). At each

𝑥𝑖, we generate a binary observation 𝑦𝑖 ∼ Bernoulli(1/{1 + exp(−𝑧𝑖)}).
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(a) The MCMC samples produced by the data augmentation Gibbs sampler applied on the latent normal
model.

Traceplot of 𝑏 Autocorrelation of 𝑏 Traceplot of 𝜏 Autocorrelation of 𝜏

(b) The MCMC samples produced by the random walk Metropolis applied on the latent quadratic
exponential model.

Figure 3-2. Compared to the latent normal model using data augmentation Gibbs sampler, the
latent quadratic exponential model (a bridged posterior model) can be estimated using
a much simpler random walk Metropolis, while enjoying faster mixing of the Markov
chains.

We fit the latent quadratic exponential model Equation 3-6 and the latent normal model

Equation 3-5 to the simulated data. For both models, we assign half-normal N+(0, 1) prior on 𝜏

and Inverse-Gamma(2, 5) prior on 𝑏. We use random walk Metropolis for the latent quadratic

exponential model. For the latent normal model with binary observations, we follow Polson et al.

(2013) and use the following data augmentation:

𝐿 (𝛽, 𝜁 , 𝜂; 𝑦) ∝ exp
{
−1

2
𝜁⊤𝑄−1(𝛽; 𝑥)𝜁

} 𝑛∏
𝑖=1

exp{(𝑦𝑖 − 1/2)𝜁𝑖} exp{−𝜂𝑖 (𝜁𝑖)2/2}PG(𝜂𝑖; 1, 0)𝜋0(𝛽),

where PG(·; 1, 0) is the density of Pólya-Gamma(1, 0) distribution. This leads to closed-form

update of 𝜁 from a normal full conditional distribution. Then a Gibbs sampler is used.

We run each MCMC algorithm for 10, 000 iterations and discard the first 2, 000 as burn-ins.

The latent quadratic exponential model takes about 8.37 minutes, and the latent normal model

takes about 11.87 minutes on a 12-core laptop. Figure 3-2 compares the mixing of MCMC

algorithms for those two models. Clearly, the latent quadratic exponential model mixes better,
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while taking less runtime. In terms of effective sample size for (𝑏, 𝜏) per time unit (10 seconds

wall time) (ESS/time), the latent quadratic exponential model achieves 0.059 and 0.1206, while

the latent normal model yields only 0.0087 and 0.0008.

Figure 3-3. The posterior distributions of the covariance kernel parameters from the latent normal
model (left) and the latent quadratic exponential model (right), collected from two
experiments under sample size 1000.

Next, we compare the posterior distributions of parameters (𝜏, 𝑏). As can be seen in Figure

3-3, these two distributions show a similar range of 𝜏 and 𝑏 in the high posterior probability

region. Since these two distributions correspond to two distinct models, we do not expect the

distributions of 𝜏 or 𝑏 to match exactly. On the other hand, we can see that the posterior variances

are on the same scale, with Var(𝑏 | 𝑦) = 0.602 and Var(𝜏 | 𝑦) = 0.652 for the latent normal model,

and Var(𝑏 | 𝑦) = 0.942 and Var(𝜏 | 𝑦) = 0.512 for the latent quadratic exponential model.

Figure 3-4. Posterior variances of 𝑏 (left panel) and 𝜏 (right panel) from the latent quadratic
exponential model (green) and the latent normal model (blue) under different sample
sizes.

We repeat the experiments and compare the variances under different sample sizes. We

generate random locations 𝑥1, . . . , 𝑥𝑆 ∼ Uniform(−6, 6) where 𝑆 ∈ {50, 200, 500, 1000} is the

sample size, and ground-truth means from 9 latent curves 𝑧 𝑗𝑖 = 𝑓 𝑗 (𝑥𝑖) where 𝑗 = 1, . . . , 9. At each
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𝑥𝑖 for each curve, we generate a binary 𝑦 𝑗𝑖 ∼ Bernoulli(1/{1 + exp(−𝑧 𝑗𝑖)}). For each group of

data 𝑦 𝑗1, . . . , 𝑦 𝑗𝑆 from the 𝑗-th curve, we fit both the latent quadratic exponential model and the

latent normal model. We use the same priors and algorithm that are used in this section. Since the

latent quadratic exponential model enjoys much better mixing performance compared to the latent

normal model, for the former model, we run the MCMC algorithm for 5000 iterations, discard the

first 2000 as burn-ins and the samples are thinned at 10, while for the latter one, we run the

MCMC algorithm for 13000 iterations, discard the first 4000 as burn-ins, and the samples are

thinned at 30. Figure 3-4 shows that the profile likelihood-based bridged model has an asymptotic

posterior variance for the parameter 𝛽 that is equal to that of the Bayesian model based on the full

likelihood.

3.5.2 Bayesian Maximum Margin Classifier

To illustrate the strengths of our approach in terms of uncertainty quantification and

borrowing information from unlabeled data, we apply the Bayesian maximum margin classifier

(Example 4) to prediction on heart failure-related deaths. The dataset we consider comprises 299

total patients who had a previous occurrence of heart failure. For each patient, there are 12

measured clinical features, with binary outcomes 𝑦𝑖 on whether the patient died during a

follow-up care period between April and December 2015, at the Faisalabad Institute of Cardiology

and at the Allied Hospital in Faisalabad, Pakistan. There are 194 men and 105 women between

age 40 and 95.
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Figure 3-5. The prediction receiver operating characteristic curves from the three models.
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We mask the outcomes of randomly chosen 97 men and 52 women (corresponding to

roughly 50% missing labels), and fit the data under the (i) Bayesian maximum margin classifier

model, (ii) a Gibbs posterior model using hinge loss, and (iii) logistic regression. We specify the

priors 𝛽 ∼ Gamma(3, 2) for models (i) and (ii), and 𝜁𝑤 ∼ N(0, 32𝐼) and 𝜁𝑏 ∼ N(0, 32) for models

(ii) and (iii). For each model, we run MCMC for 1, 500 iterations and discard the first 500 as

burn-in. At each iteration, we make a binary prediction on each unlabeled 𝑥 𝑗 , using the average as

a posterior estimate for predicting 𝑃(𝑦 𝑗 = 1 | 𝑦1:𝑛) for 𝑗 = 𝑛 + 1, . . . , 𝑛 + 𝑘 . Comparing each of

these prediction probabilities with the true 𝑦 𝑗 produces the prediction receiver operating

characteristic (ROC) curves, displayed in Figure 3-5. For binary estimates, we use 0.5 as the

threshold probability and report classification accuracy. Figure 3-5 reveals a barely noticeable

difference between logistic regression and the Gibbs posterior using hinge loss. In contrast, the

Bayesian maximum margin classifier clearly produces higher area under the curve (AUC). This

advantage is also apparent in terms of classification accuracy, displayed in Table 3-1.

Table 3-1. Prediction accuracy for heart failure dataset using four methods
Method Area Under ROC Curve Classification Accuracy
Bayesian maximum margin classifier 0.681 0.707
Gibbs posterior using hinge loss 0.568 0.653
Support vector machine - 0.653
Logistic regression 0.577 0.673

(a) Posterior prediction 𝑃(𝑦 𝑗 = 1) versus
distance to the posterior mean of
decision boundary hyperplane.

(b) Posterior distribution of the absolute
angle (in radians) between 𝑧𝑤 and the
posterior mean 𝑧𝑤 .

Figure 3-6. Uncertainty estimates for the Bayesian maximum margin classifier applied on the
heart failure dataset.
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To see that these gains are largely due to borrowing information from the unlabeled data, we

also fit a support vector machine only using the labeled part, and hold out the unlabeled portion

for prediction. Here, the classification accuracy falls to similar levels as the other two Bayesian

models, with the threshold probability at 0.5.

Finally, in addition to ROC curves, Figure 3-6 shows the other uncertainty estimates that

describe how the posterior prediction 𝑃(𝑦 𝑗 = 1) changes with the distance between 𝑥 𝑗 and the

posterior mean of the decision boundary hyperplane {𝑥 : 𝑧⊤𝑤𝑥 + 𝑧𝑏 = 0}. We can also consider how

the posterior distribution describing this decision boundary varies around the posterior mean, in

terms of angle between 𝑧𝑤 and 𝑧𝑤.

3.6 Application on Functional Connectivity Graphs

We now use the proposed method to model a collection of raw functional connectivity

graphs. The graphs were extracted from resting-state functional magnetic resonance imaging

(rs-fMRI) scans, collected from 𝑆 = 166 subjects, of whom 64 are healthy subjects and 102 are at

various stages of Alzheimer’s disease. For each subject, a functional connectivity matrix was

produced via a standard neuroscience pre-processing pipeline (Ding et al., 2006), summarized in

the form of a symmetric, weighted adjacency matrix, denoted by 𝐴(𝑠) ∈ R𝑅×𝑅≥0 between 𝑅 = 116

regions of interests (ROIs) for subjects 𝑠 = 1, . . . , 𝑆; there are no self-loops—that is, 𝐴(𝑠)
𝑖,𝑖

= 0 for

all 𝑖 = 1, . . . , 𝑅.

The graph Laplacian L (𝑠) = 𝐷 (𝑠) − 𝐴(𝑠) is a routinely used one-to-one transform of 𝐴(𝑠) ,

where 𝐷 (𝑠) is a diagonal matrix 𝐷 (𝑠)
𝑖𝑖

=
∑𝑅
𝑗=1 𝐴

(𝑠)
𝑖, 𝑗

. Compared to the adjacency matrix, the

Laplacian enjoys a few appealing properties, namely: (i) L (𝑠) is always positive semidefinite, (ii)

the number of zero eigenvalues equals the number of disjoint component sub-graphs (each known

as a community); (iii) the first smallest non-zero eigenvalues quantify the connectivity

(normalized graph cut) in each component sub-graph. Because of these properties, we can

quantify the difference between two graphs via the geodesic distance in the interior of the positive

definite cone (Lim et al., 2019). For two positive semidefinite matrices 𝑋 and 𝑌 of equal size,

dist(𝑋,𝑌 ) = lim𝜂→0+

(∑𝑅
𝑗=1 log2 [𝜉 𝑗 {(𝑋 + 𝐼𝜂)−1(𝑌 + 𝐼𝜂)}

] )1/2
, where 𝜉 𝑗 (·) is the 𝑗-th eigenvalue.
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(b) Boxplot of pairwise distances of the
low-rank smoothed Laplacian matrices
using different 𝛽𝑠 for each subject.

Figure 3-7. Boxplots of the pairwise distances among the observed Laplacian matrices, and that
among the smoothed Laplacian matrices.

Figure 3-7(a) plots the pairwise distances between the observed L (𝑠)’s, using three boxplots

corresponding to subjects within the diseased group, subjects within the healthy group, and those

between the two groups. Though we see that the within-group distances have slightly smaller

means than the between-group distances, there is significant overlap among the three boxplots.

This is understandable since each observed L (𝑠) is of rank (𝑅 − 1) corresponding to having no

disjoint components (equivalent to one community only). It is reasonable to take a reduced-rank

smoothing by solving the following convex problem:

𝑍 (𝑠) = arg min𝜁
1
2
∥L (𝑠) − 𝜁 ∥2 + 𝛽𝑠∥𝜁 ∥∗

subject to 𝜁 ∈ R𝑛×𝑛, 𝜁𝑖,𝑖 = −
∑︁
𝑗 : 𝑗≠𝑖

𝜁𝑖, 𝑗 , 𝜁𝑖, 𝑗 = 𝜁 𝑗 ,𝑖 ≤ 0 for 𝑖 ≠ 𝑗 ,

where ∥𝜁 ∥∗ is the nuclear norm of matrix 𝜁 (the sum of singular values of 𝜁), and 𝛽𝑠 > 0 is the

tuning parameter. As the result, each 𝑍 (𝑠) with rank (𝑅 − 𝐾 (𝑠)) is the graph Laplacian of a

𝐾 (𝑠)-community graph, where 𝐾 (𝑠) is monotonically non-decreasing in 𝛽𝑠 > 0.

Note that treating 𝑍 (𝑠) here as a latent variable is especially appealing—if we had viewed it

as a parameter in R𝑛×𝑛, we would incur a high modeling and computational cost. The question

boils down to a meaningful choice of 𝛽𝑠. Due to the heterogeneity of L (𝑠) , the same value of

𝛽𝑠 = 𝛽𝑠′ may yield quite different 𝑍 (𝑠) and 𝑍 (𝑠′) . As a result, for the purpose of data
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harmonization, instead of assigning an independent prior or equal value on 𝛽𝑠, we assign a

dependent likelihood based on the pairwise distances among 𝑍 (𝑠):

𝐿

[
{L (𝑠) , 𝑍 (𝑠)}𝑆𝑠=1; {𝛽𝑠}𝑆𝑠=1, 𝜎

2, 𝜏
]

∝
[ 𝑆∏
𝑠=1
(𝜎2)−1/2 exp

{
−
∥L (𝑠) − 𝑍 (𝑠) ∥2

𝐹

2𝜎2

}
𝛽𝑠

𝜎2 exp
{
− 𝛽𝑠∥𝑍

(𝑠) ∥∗
𝜎2

}]
×

[ 𝑆∏
𝑠=1

𝜏−1/2 exp
{
−
∑
𝑘:𝑘≠𝑠 dist2

(
𝑍 (𝑘) , 𝑍 (𝑠)

)
/(𝑆 − 1)

2𝜏

}]
.

The second line is a pairwise kernel via the average total squared geodesic distance between each

𝑍 (𝑠) and other 𝑍 (𝑠′) , so that it borrows information across subjects to reduce the heterogeneity. We

clarify that group information is not used above; hence it can serve as a data harmonization tool,

even in the absence of group labels.

To calculate 𝑍 (𝑠) at different 𝛽𝑠, we use the alternating direction method of multipliers

(ADMM) algorithm (details are provided in Section B.4.2). To facilitate computation, for each 𝛽𝑠,

we assign a discrete uniform equally spread over 10 values in (0, 5], so that the possible values of

𝑍 (𝑠) as well as their associated pairwise geodesic distances can be precomputed before running

MCMC. We specify an Inverse-Gamma(2, 1) prior for 𝜎2 and Inverse-Gamma(2, 1) prior for 𝜏.

Running MCMC for 10, 000 iterations takes 46.5 minutes on a 12-core laptop; the first 2, 000

samples are discarded as burn-in.
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(b) Diseased group (102 subjects).

Figure 3-8. The barplots on the number of communities in 𝑍 (𝑠) at each subject’s posterior mean
𝛽𝑠. The vertical line is the mean of the number of communities over all subjects.
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Using the smoothed Laplacian 𝑍 (𝑠) , we calculate posterior mean of the the distance matrix

{dist
(
𝑍 (𝑠) , 𝑍 (𝑠

′) )}all 𝑠,𝑠′ and show re-calculated boxplots of geodesic distances in Figure 3-7(b).

Clearly, between the low-rank smoothed 𝑍 (𝑠) , the healthy group now has much lower pairwise

distances than the diseased group, while the diseased group has slightly lower pairwise distances

compared to the between-group. We compute the Kolmogorov–Smirnov (KS) statistical metric

between the empirical distribution of geodesic distances. When we switch from using raw L (𝑠) to

smoothed 𝑍 (𝑠) , the KS metric between the diseased and healthy increases from 0.143 to 0.299.

By calculating the number of zero eigenvalues of the 𝑍 (𝑠) , we find 𝐾 (𝑠) as the number of

communities for each subject. Figure 3-8 shows histograms of 𝐾 (𝑠) evaluated at each subject’s

posterior mean 𝛽𝑠. The average number of communities for the healthy subjects is 5.77 while it is

8.41 for the diseased subjects. This is consistent with the known fact that a diseased brain tends to

be more fragmented than a healthy one, due to the disruptions caused by Alzheimer’s disease.

Healthy subject 1 Healthy subject 2

Diseased subject 1 Diseased subject 2

(a) Smoothed adjacency matrices for four subjects.

(b) Posterior mean of the pairwise geodesic
distance among the smoothed Laplacians.
Top-left 64 × 64: healthy subjects,
bottom-right 102× 102: diseased subjects.

Figure 3-9. Illustration of the smoothed graph estimates. Panel a plots the smoothed adjacency
matrices for four subjects, based on 𝐴̃(𝑠) = −𝑍 (𝑠) (the diagonal elements are masked)
with 𝑍 (𝑠) obtained at the posterior mean of 𝛽(𝑠) for each 𝑠, Panel b shows the posterior
mean matrix of the geodesic distances between 𝑍 (1) , . . . , 𝑍 (𝑆) .

Figure 3-9 shows the smoothed adjacency matrices for two subjects chosen from the healthy

group, and two from the diseased group, and the posterior mean of the pairwise geodesic distances.
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To validate the result, we further apply spectral clustering on the pairwise distance matrix, and

cluster the subjects into two groups. Based on the posterior mean distance matrix among 𝑍 (𝑠) ,

96.9% of the subjects in the healthy group are correctly grouped together, and 89.2% for the

diseased group. Using the distance matrix among raw L (𝑠) , these numbers are 87.5% and 89.2%.
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CHAPTER 4
GRADIENT-BRIDGED POSTERIOR: BAYESIAN INFERENCE FOR MODELS WITH

IMPLICIT FUNCTIONS ∗

In this chapter, motivated to develop a conceptually simple and computationally efficient

alternative to the bridged posterior, we propose a continuous posterior distribution that

concentrates around the partial minimizer of ℎ over 𝑧 for any 𝛽, for the class of models where loss

in the sub-problem is differentiable. We propose to exploit the equivalence of

𝑧𝛽 = arg min𝑧ℎ(𝛽, 𝑧; 𝑦) and ∇𝑧ℎ(𝛽, 𝑧; 𝑦) |𝑧=𝑧𝛽= 0 over 𝑧 in an open set. This is known as the

first-order optimality condition in optimization, and motivates a shrinkage kernel we impose on

the gradient norm to induce a continuous distribution surrounding the partial minimizer 𝑧 ≈ 𝑧𝛽. In

doing so, the likelihood becomes tractable up to an unimportant normalizing constant, enabling

straightforward inference. Elaborating on a simple core idea, we carefully establish statistical

guarantees via a Bernstein-von Mises theorem, and detail several nuanced cases including its

applicability in non-open domains and dual formulations. The method is amenable to efficient

posterior computation via gradient-based samplers, and its merits are showcased empirically via

synthetic and real data case studies.

4.1 Motivation

In modern statistical applications, it is often desirable to posit that some parameters arise as

a solution to an optimization sub-problem. Here, a sub-problem refers to a separate loss function,

which may or may not be the same as the negative-log-likelihood that characterizes the stochastic

component of a model. For example, in Procrustes data analysis widely used for examining shape

or microarray data, the Procrustes distance is defined as the metric between two sets of points after

applying optimal rotation and reflection; thus, the rotation and reflection parameters are solutions

to a Procrustes alignment sub-problem (Dryden and Mardia, 2016; Goodall, 1991). Similarly, in

flow network analysis, as encountered in transportation or communication systems, it is common

to model the observed flow as a noisy version of an optimal flow. The latter sub-problem is

routinely defined as a linear program (Bazaraa et al., 2011, chapter 12).

∗ Yang Yaozhi is the joint first author of this work. This work was preprinted at Zeng et al. (2025).
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The need to conduct statistical inference under these settings, especially under finite,

moderate sample sizes, makes it appealing to consider a Bayesian approach. To be concrete, we

may use the following likelihood,

𝐿 (𝑦; 𝛽, 𝑧𝛽) ∝ 𝑔(𝑦; 𝛽, 𝑧𝛽), subject to 𝑧𝛽 = arg min𝑧ℎ(𝛽, 𝑧; 𝑦), (4-1)

with an appropriate prior 𝛽 ∼ 𝜋0. Under the Bayesian paradigm, estimation uncertainty is

characterized through the posterior Π(𝛽 | 𝑦). When the sub-problem loss ℎ = − log 𝑔,

Equation 4-1 becomes a profile likelihood (Murphy and Van der Vaart, 2000; Maclaren, 2018);

there have been many studies that justify this in the Bayesian setting (Lee et al., 2005a; Cheng and

Kosorok, 2008, 2009). More generally, Zeng et al. (2024a) coined the term bridged posterior for

Equation 4-1, as it bridges a divide between Bayesian and optimization methodologies. The

bridged posterior can be broadly viewed as a generalization of the projected posterior, for which ℎ

is a projection loss ℎ(𝛽, 𝑧; 𝑦) = dist(𝑧, 𝛽) for some appropriate distance and 𝑧 in some constrained

space (Astfalck et al., 2024; Chakraborty and Ghosal, 2022; Lee et al., 2023).

Conceptually, the posterior associated with Equation 4-1 is an equality-constrained posterior

(Gelfand et al., 1992). In principle, one can fit the bridged posterior computationally by simply

running an optimization algorithm nested within a MCMC sampler. However, the lack of explicit

forms for 𝑧𝛽 and hence 𝐿 (𝑦; 𝛽, 𝑧𝛽) limit interpretability. These also translate into obstacles to

inference, complicating procedures that are typically straightforward from a Bayesian perspective

such as model-based imputation for missing values. In some cases, these difficulties can be

reconciled: for instance, for some pairs 𝑔 and ℎ involving convex conjugate functions, Polson and

Scott (2016) showed that an equivalent mixture representation may exist where

𝑔(𝑦; 𝛽, 𝑧𝛽) ∝
∫
𝑔̃(𝑦; 𝛽, 𝛾)𝜋(𝛾)d𝛾, with both 𝑔 and 𝜋 tractable. Our contributions seek a more

comprehensive treatment to fill this gap when such specific representations are unavailable.

When it comes to constructing a Bayesian model motivated by a loss function, the Gibbs

posterior (Jiang and Tanner, 2008) is one of the most popular choices. By exponentiating a
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negative loss function exp{−𝜆ℎ̃(𝜃; 𝑦)} with some 𝜆 > 0, mimicking the usual role of the

log-likelihood in standard Bayesian inference, one defines a distribution that concentrates around

the minimizer 𝜃 = arg min𝜃 ℎ̃(𝜃; 𝑦). Application of Gibbs posteriors, also falling under the

generalized Bayes label, covers a wide range of models (Bissiri et al., 2016; Martin and Syring,

2022; Bhattacharya and Martin, 2022; Rigon et al., 2023; West, 2024).

Unfortunately, the Gibbs posterior cannot accommodate the implicit function setting of

Equation 4-1. This is due to the two-way dependence of ℎ(𝛽, 𝑧; 𝑦) on 𝑧 and 𝛽, given 𝑦. A Gibbs

posterior approach would force both 𝛽 and 𝑧 to concentrate near a point

(𝛽, 𝑧) = arg min(𝛽,𝑧)ℎ(𝛽, 𝑧; 𝑦). Instead, we desire to properly account for the variability of 𝛽, as

Equation 4-1 is based on a partial minimization of ℎ(𝛽, 𝑧; 𝑦) over 𝑧 only. To illustrate, consider a

simple loss ℎ(𝛽, 𝑧; 𝑦) = 𝜏1∥𝑧 − 𝛽∥22 + 𝜏2∥𝑦 − 𝑧∥22/2, with 𝛽, 𝑧, 𝑦 ∈ R𝑑 , and 𝜏1, 𝜏2 > 0. We can

immediately see that partial minimization of ℎ(𝛽, 𝑧; 𝑦) over 𝑧 yields 𝑧 = (𝜏1𝛽 + 𝜏2𝑦)/(𝜏1 + 𝜏2), a

convex combination of 𝑦 and 𝛽. However, the Gibbs posterior exp{−𝜆ℎ(𝛽, 𝑧; 𝑦)} instead

concentrates at (𝛽, 𝑧) : 𝛽 = 𝑧 = 𝑦 for large values of 𝜆.

4.2 Method

4.2.1 Gradient-bridged Posteriors Via First-order Optimality

Throughout this article, we focus on differentiable ℎ(𝛽, 𝑧; 𝑦). In this section, we first

consider the case where the feasible region of ℎ is an open and convex setZ ⊆ R𝑑 , and the

minimizer arg min𝑧 ℎ(𝛽, 𝑧; 𝑦) exists and satisfies the first-order optimality condition:

𝑧𝛽 = arg min ℎ(𝛽, 𝑧; 𝑦) if and only if ∇𝑧ℎ(𝛽, 𝑧𝛽; 𝑦) = 0. (4-2)

Since ℎ also depends on 𝛽 and 𝑦, we assume the above condition holds almost surely with respect

to the distribution of 𝛽 for all observed data 𝑦.

We propose the following posterior distribution:

Π(𝛽, 𝑧 | 𝑦) ∝ 𝐿 (𝑦, 𝑧; 𝛽)𝜋0(𝛽),

𝐿 (𝑦, 𝑧; 𝛽) ∝ 𝑔(𝑦; 𝛽, 𝑧) exp
{
−𝜆∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22

}
,

(4-3)
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where 𝑔 is a kernel, and the hyper-parameter 𝜆 > 0 controls the degree that 𝑧 concentrates around

𝑧𝛽. We see that Equation 4-3 promotes the gradient stationarity condition in Equation 4-2 via

regularization, and can be viewed as a relaxation of the constraint that ∇𝑧ℎ = 0 (Duan et al.,

2020). We follow Presman and Xu (2023) and choose a Gaussian-type kernel incorporating the

squared norm ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22, a choice which will facilitate gradient-based posterior computation

downstream. In particular, its derivative with respect to (𝛽, 𝑧) is

2[∇2
𝑧𝛽
ℎ(𝛽, 𝑧; 𝑦),∇2

𝑧𝑧ℎ(𝛽, 𝑧; 𝑦)]T [∇𝑧ℎ(𝛽, 𝑧; 𝑦)], which remains numerically stable when

∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥ ≈ 0.

Conceptually, 𝐿 (𝑦; 𝛽) =
∫
𝐿 (𝑦, 𝑧; 𝛽)d𝑧 can be interpreted as the marginal likelihood. From

this lens, 𝑧 is a latent variable defined under the likelihood and does not require a prior. We refer

to Equation 4-3 as the gradient-bridged posterior, and exp{−𝜆∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22} as the shrinkage

kernel.

At a large but finite 𝜆, we effectively create a concentration of 𝑧 near its conditional optimal,

that is, a ball B𝛽 (𝜖) = {𝑧 : ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥2 ≤ 𝜖} has a high posterior probability for some 𝜖 > 0

given 𝛽. Indeed, as 𝜆→∞, we have 𝑧 → 𝑧𝛽 due to ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥2 → 0, recovering the bridged

posterior Equation 4-1. The case of convex ℎ lends more intuition: by the first-order

characterization of convexity, we know for any 𝑧 ∈ B𝛽 (𝜖), the optimality gap is bounded above by

ℎ(𝛽, 𝑧; 𝑦) − ℎ(𝛽, 𝑧𝛽; 𝑦) ≤ (𝑧 − 𝑧𝛽)T∇𝑧ℎ(𝛽, 𝑧; 𝑦) ≤ 𝜖 ∥𝑧 − 𝑧𝛽∥2.

Further, if ℎ is 𝜇-strongly convex with Lipschitz gradient, then ℎ(𝛽, 𝑧; 𝑦) − ℎ(𝛽, 𝑧𝛽; 𝑦) ≤ 2𝜖2/𝜇.

We will develop an interesting characterization on the set B𝛽 (𝜖) in Section 4.2.3. To be illustrative

for now, we first examine a simple example related to the normal means problem.

Example 4-1. The normal means problem considers 𝑦𝑖 ∼ N(𝑧𝑖, 𝜏), 𝑧𝑖 ∼ N(0, 𝛽) independently

for 𝑖 = 1, . . . , 𝑛, with parameter 𝛽 > 0 and with 𝜏 > 0 a known constant. Due to the large number

of 𝑧𝑖, one may think about reducing its variability via minimizing a loss

ℎ(𝛽, 𝑧; 𝑦) = ∥𝑧 − 𝑦∥22/(2𝜏) + ∥𝑧∥
2/(2𝛽), with partial derivative ∇𝑧ℎ(𝛽, 𝑧; 𝑦) = (𝑧 − 𝑦)/𝜏 + 𝑧/𝛽. In
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this toy example, the minimization problem is tractable with minimizer 𝑧𝛽 = {1 − 𝜏/(𝜏 + 𝛽)}𝑦,

which coincides with the James–Stein shrinkage estimator if (𝜏 + 𝛽) is assigned the empirical

estimate ∥𝑦∥22/(𝑛 − 2). Ignoring that we know the closed form solution for now, it is interesting to

examine the gradient-bridged posterior under some finite 𝜆:

Π(𝑧 | 𝑦, 𝛽) ∝ exp
(
−
∥𝑧 − 𝑦∥22

2𝜏
− ∥𝑧∥

2

2𝛽
− 𝜆





 𝑧 − 𝑦𝜏 + 𝑧
𝛽





2

2

)
,

∝ exp
{
−

∥𝑧 − 𝑧𝛽∥22
2(1/𝜏 + 1/𝛽)−1 − 𝜆

∥𝑧 − 𝑧𝛽∥2

(1/𝜏 + 1/𝛽)−2

}
.

We see that as the degree of relaxation decreases when 𝜆 increases from 0 to∞, the

distribution of 𝑧 gradually changes from N[𝑧𝛽, (1/𝜏 + 1/𝛽)−1] to a point mass at the solution 𝑧𝛽.

Remark 4-1. We clarify that though first-order optimality is often used to characterize the solution

of convex problems, the scope of our method applies beyond convex ℎ. First, the condition

Equation 4-2 applies broadly to some non-convex functions. For example, the mode of the inverse

gamma distribution is associated with the loss 𝑓 (𝑧) = 𝛼 log 𝑧 + 𝛽/𝑧, which is pseudo-convex but

non-convex. Second, for non-convex problems where Equation 4-2 does not hold, we can often

find its Lagrange dual objective function, which is always concave and whose maximizer

determines 𝑧𝛽 (under suitable conditions). For those problems, we can form Equation 4-3 using

the dual form of ℎ. Further details are discussed in Section 4.2.5.

An immediate advantage of the gradient-bridged posterior Equation 4-3 over its exact

counterpart under Equation 4-1 lies in its associated computation. By relaxing the equality

constraint, we avoid having to solve a constrained optimization problem within a Bayesian

procedure. Instead, one can directly apply canonical MCMC algorithms (such as random-walk

Metropolis or Hamiltonian Monte Carlo), as well as alternatives such as variational inference, to

estimate the posterior. Details on posterior sampling are discussed in Section 4.3.

Remark 4-2. To be rigorous, we want to clarify another nuance between the bridged posterior and

gradient-bridged posterior. Since the marginal
∫
𝑔(𝑦; 𝛽, 𝑧) exp

{
−𝜆∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22

}
d𝑧 is a

function of 𝛽, it is worth examining the effect of shrinkage kernel in the integral. We take Taylor
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expansion

∇𝑧ℎ(𝛽, 𝑧; 𝑦) = ∇2
𝑧𝑧ℎ(𝛽, 𝑧𝛽; 𝑦) (𝑧 − 𝑧𝛽) + 𝑜(∥𝑧 − 𝑧𝛽∥2),

where the first term on the right hand side is omitted due to ∇𝑧ℎ(𝛽, 𝑧𝛽; 𝑦) = 0. Therefore, the

marginal of Equation 4-3 is approximately proportional to 𝑔(𝑦; 𝛽, 𝑧𝛽) |∇2
𝑧𝑧ℎ(𝛽, 𝑧𝛽; 𝑦) |−1, whereas

Equation 4-1 does not have the partial Hessian determinant. Although we do not see a practical

difference in all of our examples, one should exercise caution in the prior specification of 𝛽,

especially when |∇2
𝑧𝑧ℎ(𝛽, 𝑧𝛽; 𝑦) | is rapidly varying in 𝛽.

4.2.2 Adjustment of Loss Function for Boundary Optimum

We now extend the applicable range of Equation 4-3 to allow for cases where the feasible

regionZ may not be open. Many problems have a convex but non-openZ, in which the optimal

solution may fall on the boundary. For example, in the linear programming problem where

Z = {𝑧 : 𝑀𝑧 ≤ 𝑐} for some matrix 𝑀 and vector 𝑐, one often has optimal 𝑀T
𝑗
𝑧 = 𝑐 𝑗 for one or

more indices 𝑗 . In such cases, with ℎ̃ the loss function, the first order optimality condition for 𝑧

becomes (𝑧 − 𝑧)T∇𝑧 ℎ̃(𝛽, 𝑧; 𝑦) ≥ 0 for any 𝑧 ∈ Z, rendering the shrinkage kernel in Equation 4-3

unhelpful.

We address these cases with an interior point approach. Suppose we have the original loss

function ℎ̃ with boundary optimum. We adjust ℎ̃ with log-barrier function

ℎ(𝛽, 𝑧; 𝑦) = ℎ̃(𝛽, 𝑧; 𝑦) − 1
𝑡

𝑚∑︁
𝑗=1

log[𝑟 𝑗 (𝑧)],

where the 𝑟 𝑗 (𝑧) correspond to all inequality constraints 𝑟 𝑗 (𝑧) ≥ 0 definingZ, with

hyperparameter 𝑡 > 0. Since − log{𝑟 𝑗 (𝑧)} → ∞ as 𝑟 𝑗 (𝑧) → 0, the minimizer arg min𝑧 ℎ(𝛽, 𝑧; 𝑦)

must shift from the boundary ofZ into its interior. Therefore, 𝑧𝛽 = arg min ℎ(𝛽, 𝑧; 𝑦) is

equivalent to

∇𝑧ℎ(𝛽, 𝑧; 𝑦) = ∇𝑧 ℎ̃(𝛽, 𝑧; 𝑦) −
1
𝑡

𝑚∑︁
𝑗=1

∇𝑧𝑟 𝑗 (𝑧)
𝑟 𝑗 (𝑧)

= 0, (4-4)
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enabling us to use exp{−𝜆∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22} for use in the gradient-bridged posterior. Typically,

one chooses a relatively large 𝑡, so that arg min ℎ̃(𝛽, 𝑧; 𝑦) ≈ arg min ℎ(𝛽, 𝑧; 𝑦); in this article, we

use 𝑡 = 1000.

We now present our first example of a Bayesian model defined with an implicit function that

lacks a closed-form solution. This problem is motivated by applications in flow network data.

Example 4-2. A flow network consists of weighted values 𝑧𝑖 𝑗 on a directed network 𝐺 = (𝑉, 𝐸)

with 𝑉 the set of nodes, and 𝐸 the set of uni-directed edges (𝑖 → 𝑗). The problem of finding the

maximum flow possible from a designated source node 𝑠 to a sink node 𝑡, subject to edge

capacities is a well-studied linear program:

maximize 𝑓 (𝑧) =
∑︁

𝑗 : (𝑠→ 𝑗)∈𝐸
𝑧𝑠 𝑗

subject to
∑︁

𝑗 : (𝑖→ 𝑗)∈𝐸
𝑧𝑖 𝑗 −

∑︁
𝑘: (𝑘→𝑖)∈𝐸

𝑧 𝑗𝑖 = 0, ∀𝑖 ∈ 𝑉 \ {𝑠, 𝑡},

0 ≤ 𝑧𝑖 𝑗 ≤ 𝛽𝑖 𝑗 , ∀(𝑖 → 𝑗) ∈ 𝐸.

In the above, the objective function is the total amount of flow entering the network. The first

equality constraint is the flow conservation: no flow is lost or created at any node except at the

source and sink. The second inequality incorporates the edge capacities 𝛽𝑖 𝑗 together with

non-negativity of flows. It is clear that the solution arg max𝑧 𝑓 (𝑧) depends on the value of 𝛽, and

is denoted by 𝑧𝛽. For networks with more than one source, an auxiliary super source can be

introduced to cast the problem equivalently; a similar treatment can be done for networks with

more than one sink.

In fields such as transportation science, it is often reasonable to assume that the flow network

has nearly reached its maximum during a particular time period (such as rush hour). On the other

hand, the observed flows 𝑦𝑖 𝑗 are realistically a noisy measurement of 𝑧𝑖 𝑗 , and the true capacities

𝛽𝑖 𝑗 may differ from a designed capacity 𝑐𝑖 𝑗 . For instance, if 𝑐𝑖 𝑗 are lanes, congestion or closure

may cause the number of usable lanes 𝛽𝑖 𝑗 < 𝑐𝑖 𝑗 , so that 𝛽𝑖 𝑗 may be better treated as unknown.
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Accounting for these considerations leads to a statistical problem; we can consider the likelihood

𝐿 (𝑦, 𝑧; 𝛽) ∝ exp
{
−
∑
(𝑖→ 𝑗)∈𝐸 (𝑦𝑖 𝑗 − 𝑧𝑖 𝑗 )2

2𝜎2
𝑦

−
∑
(𝑖→ 𝑗)∈𝐸 (𝑐𝑖 𝑗 − 𝛽𝑖 𝑗 )2

2𝜎2
𝑐

}
exp

{
−𝜆∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22

}
, (4-5)

where it is natural to define a subproblem loss ℎ(𝛽, 𝑧; 𝑦) = − 𝑓 (𝑧) − (1/𝑡)∑𝑚
𝑙=1 log[𝑟𝑙 (𝑧)] as the

negative objective in addition to log-barrier terms. Here 𝑟𝑙 (𝑧) = 𝑧𝑖 𝑗 to ensure 𝑧𝑖 𝑗 > 0, and

𝑟𝑙 (𝑧) = 𝛽𝑖 𝑗 − 𝑧𝑖 𝑗 to ensure 𝑧𝑖 𝑗 < 𝛽𝑖 𝑗 , for all edges (𝑖 → 𝑗) ∈ 𝐸 . To meet the equality constraint, we

use a simple reparameterization: for each 𝑖 ∈ 𝑉 \ {𝑠, 𝑡}, we choose one inflow edge 𝑘∗ → 𝑖 and

parameterize 𝑧𝑘∗𝑖 = (
∑
𝑗 : (𝑖→ 𝑗)∈𝐸 𝑧𝑖 𝑗 ) − (

∑
𝑘≠𝑘∗: (𝑘→𝑖)∈𝐸 𝑧𝑘𝑖) as a transformation of other flows

associated with 𝑖. We will revisit this example in our numerical study in Section 4.5.

4.2.3 Implicit Function Manifold and Its Relaxation

We now further characterize the posterior defined under the implicit function and its

relaxation. In this section, we restrict our scope to the class of models where ℎ is twice

continuously differentiable in 𝑧, and ∇𝑧ℎ(𝛽, 𝑧; 𝑦) is continuously differentiable in 𝛽. Within this

class, the function ∇𝑧ℎ(𝛽, 𝑧; 𝑦) can be nicely characterized by the implicit function theorem, so

that {(𝛽, 𝑧𝛽) : 𝛽 ∈ Θ} is a smooth manifold that we will call the implicit function manifold.

We first briefly review the implicit function theorem using our notation. Let (𝛽0, 𝑧0) be a

point satisfying ∇𝑧ℎ(𝛽0, 𝑧0; 𝑦) = 0, and assume that the Hessian matrix of ℎ with respect to 𝑧,

∇2
𝑧𝑧ℎ(𝛽0, 𝑧0; 𝑦) is invertible. Then, by the implicit function theorem, there exists a neighborhood

of 𝛽0 in which we can define a continuously differentiable function

𝑧𝛽 := 𝜁 (𝛽) : ∇𝑧ℎ(𝛽, 𝜁 (𝛽); 𝑦) = 0.

Two useful results follow. First, the function 𝜁 (𝛽) and hence 𝑧𝛽 is unique. Second, the change rate

of 𝑧𝛽 with respect to 𝛽 is given by

𝜕𝑧𝛽

𝜕𝛽
= −

{
∇2
𝑧𝑧ℎ(𝛽, 𝜁 (𝛽); 𝑦)

}−1∇2
𝑧𝛽ℎ(𝛽, 𝜁 (𝛽); 𝑦),
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where ∇2
𝑧𝛽
ℎ(𝛽, 𝑧; 𝑦) denotes the matrix of mixed partial derivatives of ℎ with respect to 𝑧 and 𝛽.

Now, recall the gradient-bridged posterior allows ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥ to be small but non-zero,

and hence the high-density posterior region of (𝛽, 𝑧) is a continuous relaxation from the implicit

function manifold. Naturally, one may wonder how much relaxation is induced at some

∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥ ≤ 𝜖 . The following theorem provides a bound on the amount of relaxation.

Theorem 4-1. At any 𝛽 with ∇2
𝑧𝑧ℎ(𝛽, 𝑧0; 𝑦) invertible and 𝑧0 = 𝑧𝛽, there exists a Hessian-based

neighborhood of 𝑧0:

B(𝑧0, 𝑘; 𝛽) = {𝑧 : ∥𝐼 − ∇2
𝑧𝑧ℎ(𝛽, 𝑧0; 𝑦)−1∇2

𝑧𝑧ℎ(𝛽, 𝑧; 𝑦)∥op ≤ 𝑘 < 1}.

Further, for any 𝑧 ∈ B(𝑧0, 𝑘; 𝛽), if ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥ ≤ 𝜖 , we have

∥𝑧 − 𝑧0∥ ≤
𝜖

(1 − 𝑘)𝜆min{∇2
𝑧𝑧ℎ(𝛽, 𝑧0; 𝑦)}

,

where 𝜆min denotes the smallest eigenvalue and ∥ · ∥op denotes the operator norm.

Remark 4-3. In the above we started with a Hessian-based neighborhood of 𝑧0, which should not

be confused with the Euclidean neighborhood of 𝑧0. This Hessian-based neighborhood can be

quite large when the Hessian is slowly changing as we move away from 𝑧0.

Roughly speaking, the above theorem shows that ∥𝑧 − 𝑧𝛽∥ = O{∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥}, justifying

that controlling the gradient norm of ℎ governing the implicit function manifold is an effective

alternative to solving for 𝑧𝛽.

4.2.4 Suitability for Canonical Bayesian Inference

The likelihood in the gradient-bridged posterior is designed to be tractable (up to a

constant). As a result, it is convenient to apply canonical Bayesian inference procedures in

addition to parameter estimation under a fixed sample size 𝑛, such as handling missing values or

model selection via Bayes factor.
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To illustrate, consider the missing data setting where 𝑦𝐷 = {𝑦𝑖 : 𝑖 ∈ 𝐷} denotes the set of

observed data, and 𝑦𝑀 = {𝑦𝑖 : 𝑖 ∈ 𝑀} those with missing values, so that the index sets

𝐷 ∪ 𝑀 = (1, . . . , 𝑛) =: [𝑛]. Under the gradient-bridged setup, the joint distribution

Π(𝑦𝑀 , 𝛽 | 𝑦𝐷 , 𝑧) ∝ 𝜋0(𝛽)𝑔({𝑦𝐷 , 𝑦𝑀}; 𝛽, 𝑧) exp
{
−𝜆∥∇𝑧ℎ(𝛽, 𝑧; {𝑦𝐷 , 𝑦𝑀})∥22

}
,

is amenable to simultaneous imputation of 𝑦𝑀 and estimation of 𝛽 using the same approaches that

one would take in a canonical Bayesian model, for instance via data-augmented MCMC (Tanner

and Wong, 1987; Van Dyk and Meng, 2001). As one can imagine, the imputation would become

considerably more complex if we replace 𝑧 with 𝑧𝛽, due to a constraint resulting from the

deterministic relationship between 𝑧𝛽 and 𝑦𝐷 , and in turn between 𝑧𝛽 and 𝑦𝑀 .

This is just one example of how our framework inherits straightforward inference under

fixed sample size 𝑛. Extra caution should be exercised for inference tasks under changing 𝑛;

prediction is one such prominent example. In particular, Bayesian prediction tasks typically assign

the same form of likelihood Equation 4-3 for both sample sizes 𝑛 and (𝑛 + 𝑚), with 𝑚 the number

of points to be predicted. A coherent prediction rule should ensure the marginalization property

𝐿 (𝑦 [𝑛] ; 𝛽) =
∫
𝐿 (𝑦 [𝑛+𝑚] ; 𝛽) d(𝑦𝑛+1, . . . , 𝑦𝑛+𝑚) holds, as exhibited by a sequential generative

process.

Unfortunately, we do not expect this condition to hold in complete generality for

gradient-bridged posterior models. This is a common limitation to loss-based generalized Bayes

approaches (Natarajan et al., 2024; Rigon et al., 2023). Nonetheless, we can identify salient

sufficient conditions that ensure the marginalization condition, such as separability of the loss over

𝑖. To be concrete, if (i) each 𝑦𝑖 has a corresponding latent 𝑧𝑖 so that the loss

ℎ(𝛽, 𝑧 [𝑛] ; 𝑦 [𝑛]) =
∑𝑛
𝑖=1 𝑠(𝑧𝑖, 𝑦𝑖; 𝛽), and (ii) the marginalization condition

∫
𝑔(𝑦 [𝑛+1] ; 𝛽, 𝑧 [𝑛+1])
𝑔(𝑦 [𝑛] ; 𝛽, 𝑧 [𝑛])

exp
{
−𝜆∥∇𝑧𝑛+1𝑠(𝑧𝑛+1, 𝑦𝑛+1; 𝛽)∥22

}
d(𝑦𝑛+1, 𝑧𝑛+1) (4-6)
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does not depend on 𝛽, then it follows that 𝐿 (𝑦 [𝑛] , 𝑧 [𝑛] ; 𝛽) =
∫
𝐿 (𝑦 [𝑛+1] , 𝑧 [𝑛+1] ; 𝛽) d(𝑦𝑛+1, 𝑧𝑛+1).

Integrating both sides over 𝑧 [𝑛] reveals the marginalization property.

Remark 4-4. In the case that Equation 4-6 depends on 𝛽, which we abbreviate as some function

𝑚(𝛽), one can calibrate the function 𝑔 using a term involving 1/𝑚(𝛽). To illustrate, in Example

4-1, the normalizing term of 𝑔(𝑦 [𝑛] ; 𝛽, 𝑧 [𝑛]) is 𝛽−𝑛/2. If we instead model by replacing this with

{𝑚(𝛽)}−𝑛, 𝑚(𝛽) = 𝜏𝛽{𝜏𝛽 + 2𝜆(𝜏 + 𝛽)}−1/2, then Equation 4-6 will be equal to a constant in terms

of 𝛽.

4.2.5 Non-convex Problems and Duality

We now consider Equation 4-3 in the non-convex setting, which includes the case where the

function ℎ is non-convex as well as the possibility thatZ is a non-convex set. Though first-order

stationarity no longer suffices for optimality, progress can be made when the loss enjoys a

manageable dual form. Recall we seek to minimize what we now refer to as the primal objective

or loss

𝑓 (𝑧) := ℎ(𝛽, 𝑧; 𝑦),

over a feasible regionZ = {𝑧 : 𝑟 (𝑧) ≤ 0, 𝑠(𝑧) = 0}.

The functions 𝑟 : R𝑑 → R𝑚1 and 𝑠 : R𝑑 → R𝑚2 may depend on 𝑦 and 𝛽 as well. Using

Lagrange multipliers 𝛾 ∈ {(𝛾1, 𝛾2) : 𝛾1 ∈ R𝑚1 , 𝛾1 ≥ 0, 𝛾2 ∈ R𝑚2} := Γ, we have the dual function

(that we will refer to as the dual objective):

𝑓 †(𝛾) = min
𝑧∈R𝑑

{
𝑓 (𝑧) + 𝛾T

1 𝑟 (𝑧) + 𝛾
T
2 𝑠(𝑧)

}
.

Here, the minimization of 𝑧 is now unconstrained over R𝑑 . To provide some background, for any

feasible 𝑧, we have 𝛾T
1 𝑟 (𝑧) ≤ 0 and 𝛾T

2 𝑠(𝑧) = 0 for any 𝛾 ∈ Γ. It always holds that

𝑓 †(𝛾) ≤ min𝑧∈Z 𝑓 (𝑧): this is known as weak duality, which applies for any primal problem

regardless of whether it is convex. The inequality implies two important consequences. First, the

optimal dual objective max𝛾 𝑓 †(𝛾) serves as a lower-bound for the optimal primal loss. As a

result, the quantity { 𝑓 (𝑧) −max𝛾 𝑓 †(𝛾)} provides a practical upper-bound estimate on
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{ 𝑓 (𝑧) −min𝑧∈Z 𝑓 (𝑧)} for any value 𝑧. Second, if we have 𝑓 (𝑧∗) = 𝑓 †(𝛾), for some pair 𝑧∗ ∈ Z

and 𝛾 ∈ Γ, then 𝑧∗ must be the optimal primal solution. This latter scenario is also known as

strong duality.

Importantly, 𝑓 †(𝛾) is always concave, as it comprises an affine function of 𝛾 composed with

a pointwise infimum over 𝑧. The concavity of 𝑓 †(𝛾) means that we can find the optimal 𝛾 via the

first order optimality Equation 4-2, or approximately in the interior of Γ via Equation 4-4,

provided 𝑓 † is tractable and differentiable. Using ℎ†(𝛽, 𝛾; 𝑦) = 𝑓 †(𝛾) or its log-barrier

modification in Section 4.2.2, the shrinkage kernel exp
{
−𝜆∥∇𝛾ℎ†(𝛽, 𝛾; 𝑦)∥22

}
is useful toward a

relaxed solution of arg max𝛾 𝑓 †(𝛾).

Remark 4-5. For simplicity, we will focus on primal 𝑓 that enjoys strong duality

max𝛾∈Γ 𝑓 †(𝛾) = min𝑧∈Z 𝑓 (𝑧), and hence we do not need to worry about the gap between 𝑓 (𝑧) and

𝑓 †(𝛾).

To illustrate this approach in action, we consider the orthogonal Procrustes problem (Gower,

1975), which will also play a role in our case study. The primal problem here is non-convex, but

we show how the form of the dual objective enables us to construct a shrinkage kernel using

Equation 4-4.

Example 4-3. The orthogonal Procrustes problem aims to solve

min
𝑅

𝑓 (𝑅) = ∥𝑅𝑦 − 𝛽∥2𝐹 , subject to 𝑅T𝑅 = 𝐼𝑝,

for two matrices 𝑦 ∈ R𝑝×𝑚 and 𝛽 ∈ R𝑝×𝑚, where 𝑅 can include rotations and/or reflections of each

column of 𝑦. The primal problem is not convex due to the non-convexity of the orthonormal

space, although owing to von Neumann’s trace inequality, the primal solution given 𝛽 is tractable

using the singular value decomposition 𝛽𝑦T = 𝑈Σ𝑉T and 𝑅̂ = 𝑈𝑉T. On the other hand, when 𝛽 is

not known (or contains missing values) as in a Bayesian model, simultaneous updating of 𝑅 and 𝛽

becomes challenging.
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To derive the dual form, we introduce a symmetric multiplier 𝛾 ∈ R𝑝×𝑝 in the Lagrangian:

L(𝑅, 𝛾) = ∥𝑅𝑦 − 𝛽∥2𝐹 + tr{𝛾(𝑅T𝑅 − 𝐼)},

which is bounded from below whenever (𝛾 + 𝑦𝑦T) ≻ 0 and is minimized at 𝑅̂ = 𝛽𝑦T(𝛾 + 𝑦𝑦T)−1.

The finite dual function and its derivative are given by

𝑓 †(𝛾) = tr(𝛽T𝛽) − tr(𝛾) − tr{𝑦𝛽T𝛽𝑦T(𝛾 + 𝑦𝑦T)−1},

∇𝛾 𝑓 †(𝛾) = −𝐼 + (𝑦𝑦T + 𝛾)−1 (𝑦𝛽T𝛽𝑦T) (𝑦𝑦T + 𝛾)−1 = −𝐼 + 𝑅̂T𝑅̂. (4-7)

Now, from the first-order optimality condition on the dual ∇𝛾 𝑓 †(𝛾) = 0, rearranging

Equation 4-7 shows that the solution satisfies the constraint 𝑅̂T𝑅̂ = 𝐼𝑝. That is 𝑅̂ achieves primal

feasibility, and strong duality holds: max 𝑓 †(𝛾) = min𝑅:𝑅T𝑅=𝐼 𝑓 (𝑅). In practice, we further may

avoid explicit matrix inversion by parameterizing a lower-triangular matrix𝑊 with positive

diagonal entries, taking (𝑦𝑦T + 𝛾)−1 = 𝑊𝑊T which is always positive definite. Doing so, we

arrive at the shrinkage kernel for the orthogonal Procrustes problem

exp{−𝜆∥𝑊𝑊T(𝑦𝛽T𝛽𝑦T)𝑊𝑊T − 𝐼 ∥2𝐹} := exp{−𝜆∥𝑅T𝑅 − 𝐼 ∥2𝐹} (4-8)

with primal variable 𝑅 = 𝛽𝑦T(𝑊𝑊T).

4.3 Hamiltonian Monte Carlo Near Implicit Function Manifold

The gradient-bridged posterior is designed for efficient computing, and benefits from the

large body of work on gradient-based samplers and widely adopted auto-differentiation

algorithms. We first review the Hamiltonian Monte Carlo algorithm, focusing on how the choice

of the mass matrix can improve its efficiency. For simplicity, we abbreviate the parameter by

𝜃 = (𝑧, 𝛽).

Hamiltonian Monte Carlo augments the parameters 𝜃 with an auxiliary momentum variable

𝑝, and makes use of Hamiltonian dynamics in the augmented space to generate informed
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proposals to new states. Denote the joint density

Π(𝜃, 𝑝 | 𝑦) ∝ Π(𝜃 | 𝑦) exp
(
−1

2
𝑝T𝑀−1𝑝

)
,

where 𝑀 is a positive-definite mass matrix. A new proposal is generated by first sampling the

momentum 𝑝 ∼ N(0, 𝑀), and then simulating Hamiltonian dynamics, typically using a numerical

integrator. The leapfrog algorithm is a prevalent such approach: given the current state (𝜃𝑡 , 𝑝𝑡),

we perform 𝐿 steps of the following, with step-size 𝜖 , to propose (𝜃∗, 𝑝∗):

1. Half-step for momentum: 𝑝(𝑡 + 𝜖/2) = 𝑝𝑡 + (𝜖/2)∇𝜃 logΠ(𝜃𝑡 | 𝑦).

2. Full-step for position: 𝜃 (𝑡 + 𝜖) = 𝜃𝑡 + 𝜖 𝑀−1𝑝(𝑡 + 𝜖/2).

3. Another half-step for momentum: update the momentum using the new position:

𝑝(𝑡 + 𝜖) = 𝑝(𝑡 + 𝜖/2) + (𝜖/2)∇𝜃 logΠ(𝜃 (𝑡 + 𝜖) | 𝑦).

Since the leapfrog integrator is reversible and volume preserving (Neal, 2011), the

acceptance ratio calculation is straightforward: 𝜃∗ is accepted with probability

𝛼
{
(𝜃𝑡 , 𝑝𝑡), (𝜃∗, 𝑝∗)

}
= min

[
1, exp

{
−𝐻 (𝜃∗, 𝑝∗) + 𝐻 (𝜃𝑡 , 𝑝𝑡)

}]
,

where the Hamiltonian is given by 𝐻 (𝜃, 𝑝) = − logΠ(𝜃 | 𝑦) + 1
2 𝑝

T𝑀−1𝑝. By simulating the

Hamiltonian dynamics, the algorithm is able to propose distant moves with high acceptance rates,

especially when the mass matrix 𝑀 is chosen judiciously to match the local geometry of the target

distribution.

An extension of Hamiltonian Monte Carlo, known as the No-U-Turn Sampler, adaptively

determines the number of leapfrog steps to avoid inefficient trajectories that double back on

themselves, thereby eliminating the need to pre-specify 𝐿 (Hoffman et al., 2014). We adopt the

No-U-Turn Sampler in this article. We now focus on the choice of 𝑀 specifically for the
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gradient-bridged posterior. Combining the discrete moves in a leapfrog step, we have

𝜃 (𝑡 + 𝜖) = 𝜃𝑡 + 𝑀−1{𝜖 𝑝𝑡 + (𝜖2/2)∇𝜃 logΠ(𝜃𝑡 | 𝑦)
}
.

For large 𝜆, we have small ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22 ≈ 0 with high probability. This suggests that 𝜃 (𝑡) lies

near the manifold, and thus after a small time 𝜖 , 𝜃 (𝑡 + 𝜖) should tend to stay near the manifold as

well due to conservation of energy in the exact Hamiltonian dynamics. Since the leapfrog

algorithm provides only an approximation to the exact Hamiltonian dynamics, it is sensible to

choose 𝑀 so to avoid an abrupt change of ∥∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥22.

To this end, we consider linearizing the gradient. Let (Δ𝛽,Δ𝑧) = 𝜃 (𝑡 + 𝜖) − 𝜃 (𝑡): then the

gradient at 𝜃 (𝑡 + 𝜖) can be approximated by

∇𝑧ℎ(𝛽 + Δ𝛽, 𝑧 + Δ𝑧; 𝑦) ≈ ∇𝑧ℎ(𝛽, 𝑧; 𝑦) + 𝐺T
𝛽,𝑧 (Δ𝛽,Δ𝑧),

where 𝐺𝛽,𝑧 = [∇2
𝑧𝛽
ℎ(𝛽, 𝑧; 𝑦),∇2

𝑧𝑧ℎ(𝛽, 𝑧; 𝑦)] is the submatrix of the Hessian containing the partials

with respect to both (𝛽, 𝑧). Since having 𝐺T
𝛽,𝑧
(Δ𝛽,Δ𝑧) = 0 would be useful for reducing changes

in ∇𝑧ℎ(𝛽 + Δ𝛽, 𝑧 + Δ𝑧; 𝑦), this leads to a natural choice of 𝑀−1 as a null-space projection

𝐼 − 𝐺𝛽,𝑧 (𝐺T
𝛽,𝑧
𝐺𝛽,𝑧)−1𝐺T

𝛽,𝑧
.

On the other hand, the leapfrog integrator would lose reversibility if 𝑀−1 varies with the

parameters, and the momentum distribution would become degenerate if 𝑀−1 is rank-deficient.

With these practical considerations in mind, we use

𝑀−1 = (1 + 𝜏)𝐼 − 𝐺̂𝛽,𝑧 (𝐺̂T
𝛽,𝑧𝐺̂𝛽,𝑧)−1𝐺̂T

𝛽,𝑧, (4-9)

where 𝜏 > 0 is a small constant chosen to make 𝑀−1 strictly positive definite (we use 𝜏 = 10−3 in

this article), and 𝐺̂𝛽,𝑧 is an estimate of 𝐸 (𝐺𝛽,𝑧), the sub-matrix of the negative Fisher information

with expectation taken over Π(𝛽, 𝑧 | 𝑦). In practice, to use its sample counterpart 𝐺̂𝛽,𝑧, one can

take the Hessian matrix evaluated at the posterior mode of 𝛽 and the minimizer 𝑧, or the observed
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Fisher information matrix by averaging samples 𝐺𝛽,𝑧 over the burn-in period of the MCMC. In

this article, we use the Hessian at the posterior mode.

Remark 4-6. The constant-value specification of Equation 4-9 is suitable for problems where the

Hessian changes relatively slowly in the high posterior density region. For problems with 𝐺𝛽,𝑧

rapidly changing, the linearization may provide a poor approximation, and thus 𝐺T
𝛽,𝑧
𝑀−1 may be

further from zero, rendering Equation 4-9 ineffective. Broadly speaking, rapidly changing

Hessians pose a challenge for existing Hamiltonian Monte Carlo algorithms. One remedy involves

location-dependent specifications of 𝑀 (𝜃) becomes necessary—it tends to require intensive

computation as an alternative to the leapfrog integrator. One can find discussion of those

integrators in Girolami and Calderhead (2011); Lan et al. (2015); Nishimura and Dunson (2017).

As an alternative, variational inference can be used to bypass the challenges, at the cost of

additional posterior approximation.

4.4 Asymptotic Theory

We now study the asymptotic properties of the proposed method, establishing normality in

the large sample limit in a Bernstein–von Mises sense. In Bayesian analysis, the Bernstein–von

Mises theorem asserts that, under mild regularity conditions, the posterior distribution of the

centered and scaled maximum likelihood estimator
√
𝑛(𝛽 − 𝛽𝑛) converges as sample size 𝑛

increases to a normal distribution centered at 0, with covariance matrix equal to the inverse Fisher

information. In models involving a nuisance parameter 𝑧, the primary focus often lies in the

marginal posterior distribution of the parameter of interest, 𝛽 (Berger et al., 1999; Severini, 2007).

This marginal posterior is related to the complete posterior by integrating out the nuisance

variable 𝑧: that is, Π(𝛽 | 𝑦) ∝
∫
H 𝐿 (𝑦, 𝑧; 𝛽)𝜋0(𝛽) d𝑧. The domain of integration 𝑧 ∈ H need not

be Euclidean, in which case the Bayesian model is a semi-parametric one, so that the

Bernstein–von Mises theorem provides a feasible way to characterize the asymptotic posterior

when the parameter 𝑧 lies in any Hilbert space.

Bickel and Kleijn (2012) established a Bernstein–von Mises theorem for the marginal

posterior under the existence of the least favorable model, provided that the posterior concentrates
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around this model. Building upon this foundation, we establish a Bernstein–von Mises result for

the gradient-bridged posterior. Our approach hinges on the condition that the posterior

distribution concentrates around the optimal value of the parameter 𝑧, as determined by the the

first-order optimality condition. This is satisfied due to the shrinkage kernel.

We assume that 𝛽 ∈ Θ ⊂ R𝑑 , and 𝑧 ∈ H lies in a Hilbert space. Let 𝛽0, 𝑧0 be the fixed,

ground-truth values. The prior 𝜋0(𝛽) is assumed to be continuous at 𝛽0 with 𝜋0(𝛽0) > 0. We

define the log-likelihood as 𝑙𝑛 (𝛽, 𝑧) = log 𝐿𝑛 (𝛽, 𝑧; 𝑦), where the subscript indicates the sample

size. We use ∥ · ∥ to denote the Euclidean–Frobenius norm. We denote the generative distribution

of the data by 𝑃𝛽,𝑧 with parameters 𝛽 and 𝑧. We use 𝐻 (𝑃,𝑄) to denote the Hellinger distance

between two probability measure 𝑃 and 𝑄, and define a metric 𝑑𝐻 on the space of 𝑧 by

𝑑𝐻 (𝑧1, 𝑧2; 𝛽) = 𝐻 (𝑃𝛽,𝑧1 , 𝑃𝛽,𝑧2). We denote the unique minimizer of the gradient-bridge function

ℎ(𝛽, 𝑧; 𝑦) by 𝑧(𝛽) := 𝑧𝛽. We now state the sufficient conditions for establishing the Bernstein–von

Mises theorem.

Assumption 4-1. There exists a decreasing sequence {𝜌𝑛} converging to 0 such that for every

bounded sequence ℎ𝑛, with 𝛽𝑛 = 𝛽𝑛 + ℎ𝑛/
√
𝑛,

Π [𝑑𝐻{𝑧, 𝑧(𝛽); 𝛽} > 𝜌𝑛 | 𝛽 = 𝛽𝑛; 𝑦]
𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

0 ,

where the above denotes convergence in probablity with respect to 𝑃𝛽0,𝑧0 .

Assumption 4-2. There exists a symmetric 𝐻𝑛 (𝑧) such that for 𝛽𝑛 = 𝛽𝑛 + ℎ𝑛/
√
𝑛,

𝑙𝑛 (𝛽𝑛, 𝑧) = 𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} −
1
2
ℎT
𝑛𝐻𝑛 (𝑧)ℎ𝑛 + 𝑟𝑛 (ℎ𝑛, 𝑧)

holds for all 𝑧 satisfying 𝑑𝐻{𝑧, 𝑧(𝛽𝑛); 𝛽𝑛} < 𝛿, with remainder term 𝑟𝑛 (ℎ𝑛, 𝑧) = 𝑜𝑃𝛽0 ,𝑧0
(1), and

𝐻𝑛{𝑧(𝛽𝑛)} → 𝐻0.
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Assumption 4-3. There exists a constant 𝐶 such that for 𝛽𝑛 = 𝛽𝑛 + ℎ𝑛/
√
𝑛,

sup
𝑧:𝑑𝐻 {𝑧,𝑧(𝛽𝑛);𝛽𝑛}<𝜌𝑛

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) d𝑃𝛽0,𝑧0 (𝑦) ≤ 𝐶.

We refer to the set of models when 𝑧 = 𝑧(𝛽) as the constrained favorable submodels.

Assumption 4-1 posits that the conditional posterior concentrates around the constrained favorable

submodels. One way for this assumption to be satisfied is by letting 𝜆 = 𝜆𝑛 →∞. Assumption 4-2

is the stochastic local asymptotic normality of the likelihood around the constrained favorable

submodels, which is standard for proving Bernstein–von Mises results. In parametric settings

when 𝑧 belongs to a Euclidean space, the condition can often be proven using Taylor expansion,

provided conditions on the derivatives of the likelihood function. Assumption 4-3 is the

domination condition of the likelihood around the constrained favorable submodels.

Let the integrated likelihood 𝑆𝑛 (𝛽) =
∫
H 𝐿𝑛 (𝛽, 𝑧; 𝑦) dΠ0(𝑧), and 𝑠𝑛 (𝛽) = log 𝑆𝑛 (𝛽). We

have the following lemma for the locally asymptotically normal property of the integrated

likelihood.

Lemma 4-1. Under Assumption 4-1–4-3, for every bounded sequence ℎ𝑛 and 𝛽𝑛 = 𝛽𝑛 + ℎ𝑛/
√
𝑛,

𝑠𝑛 (𝛽𝑛) = 𝑠𝑛 (𝛽𝑛) −
1
2
ℎT
𝑛𝐻0ℎ𝑛 + 𝑜𝑃𝛽0 ,𝑧0

(1). (4-10)

With the locally asymptotically normal condition for 𝑠𝑛 (𝛽), we make the Bernstein–von

Mises result statement.

Theorem 4-2. Assume Equation 4-10 holds with positive definite 𝐻0. Suppose that the maximum

likelihood estimator 𝛽𝑛 exists and converges to 𝛽0 when 𝑛→∞; there exists 𝛿 > 0 such that for

any sequence of positive numbers 𝑀𝑛 →∞,

𝑃𝛽0,𝑧0

[
inf
𝑧∈H

inf√
𝑛∥𝛽−𝛽𝑛∥≥𝑀𝑛

{
𝑙𝑛 (𝛽𝑛) − 𝑙𝑛 (𝛽)

}
≥
𝛿𝑀2

𝑛

𝑛

]
−−−−→
𝑛→∞

1. (4-11)
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Then letting 𝜋𝑛 be the density of 𝛽 when 𝛽 ∼ Π𝑛 (𝛽 | 𝑦), we have

∫
𝐵𝜖 (𝛽0)

𝜋𝑛 (𝛽) d𝛽
𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

1 for all 𝜖 > 0. (4-12)

Moreover, letting 𝑞𝑛 denote the density of
√
𝑛(𝛽 − 𝛽𝑛), we have dTV

{
𝑞𝑛,N

(
0, 𝐻−1

0
)}
→ 0 in

probability with respect to 𝑃𝛽0,𝑧0 as 𝑛→∞.

4.5 Simulation Study

We empirically illustrate the gradient-bridged posterior with application to the flow network

described in Example 4-2. The directed network used in the synthetic experiments is shown in

Figure 4-1. We use package networkx to generate a flow network, which consists of 7 nodes and

10 directed edges. Node 0 is the source and node 6 is the sink, and assign ground-truth edge

capacities 𝛽0
𝑖 𝑗

depicted in Figure 4-1. Given this network, we begin by computing the optimal flow

values 𝑧0 under 𝛽0 by solving the maximum flow optimization problem. Next, we simulate

observed flow data 𝑦𝑠
𝑖 𝑗

for 𝑠 = 1, . . . , 1000, where each observation 𝑠 represents a noisy

measurement of the optimal flow. We simulate the designed capacity 𝑐𝑖 𝑗 from N(𝛽0
𝑖 𝑗
, 0.52).

Figure 4-1. The directed network we use for the experiment on the maximum flow problem. The
width of the edges is proportional to the magnitude of the optimal flow.

We assign independent half-normal N+(0, 102) priors on the 𝛽𝑖 𝑗 ’s and 𝑧𝑖 𝑗 ’s, assign

Ga−1(2, 5) prior on the 𝜎2
𝑦 and assign Ga−1(5, 2) prior on 𝜎2

𝑐 . Using our suggested choice of 𝑀−1

matrix Equation 4-9, we use the No-U-Turn sampler (Hoffman et al., 2014) to sample from the

posterior distribution under Equation 4-5 for 12, 000 iterations. The first 2000 iterations are

treated as burn-in, and we apply a thining factor of 10. Figure 4-2(a)–(b) shows the autocorrelation

for all coordinates of 𝑧 and 𝛽; its rapid decay indicates good mixing. In contrast, we also consider
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the No-U-Turn Sampler under the default choice of adaptive 𝑀−1. It is visually clear from

Figure 4-2(c)–(d) that our choice of 𝑀−1 significantly improves performance in terms of mixing.

(a) 𝑧𝑖 𝑗’s, using our suggested 𝑀−1 (b) 𝛽𝑖 𝑗’s, using our suggested 𝑀−1

(c) 𝑧𝑖 𝑗’s, using default choice of 𝑀−1 (d) 𝛽𝑖 𝑗’s, using default choice of 𝑀−1

Figure 4-2. Autocorrelation of the Markov chain from No-U-Turn Samplers using different
choices of the inverse mass matrix. Panels (a) and (b) use our suggested 𝑀−1

following Equation 4-9. Panels (c) and (d) use the default choice of 𝑀−1.

Figures 4-3 and 4-4 present the posterior distributions of the flow variables 𝑧 and the

capacity parameters 𝛽. An immediate takeaway is that empirically, the gradient-bridged posterior

is able to recover the ground truth, assigning high posterior mass concentrated around the ground

truth 𝑧0 and 𝛽0 values. To highlight the benefits of our proposed method, we compare

performance to inference using existing Gibbs posterior approaches. A canonical Gibbs posterior,

corresponding to the loss Equation 4-5 taking 𝜆 = 0, also results in a posterior that assigns mass

covering the ground truth values. While estimates of 𝑧 are quite similar to those under our

approach, estimation of 𝛽𝑖 𝑗 exhibits strikingly higher variability (Figure 4-4). To understand this

phenomenon, recall that there are 1000 noisy flow measurements 𝑦𝑠, but only one observed

measurement of the capacity 𝑐. The standard Gibbs posterior approach makes good use of 𝑦 to

estimate 𝑧, but fails to borrow information in the relationship between 𝑧 and 𝛽. Instead, our

shrinkage kernel exploits the relationship between 𝛽 and 𝑧 via the implicit function, making the

posterior of 𝛽 more accurate.
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To be complete, we additionally consider a Gibbs posterior approach that attempts to

account for the relationship between 𝛽 and 𝑧 via the loss-based kernel exp{−𝜆ℎ(𝛽, 𝑧; 𝑦)}; that is,

performing joint shrinkage in lieu of the proposed methodology allowing for conditional

shrinkage via partial minimization. Empirically, we see that such joint regularization is a poor

substitute for accommodating the desired sub-problem. Performance here is arguably even worse,

with posteriors now exhibiting bias in both 𝑧 as well as 𝛽. We see that penalizing ℎ(𝛽, 𝑧; 𝑦) can

lead to poor estimation and inflated posterior variance in both Figures 4-3 and 4-4, while the

gradient-bridged posterior is free from this issue due to partial minimization over 𝑧.

Figure 4-3. Flow value posteriors 𝑧𝑖 𝑗 for each network edge from the Gibbs posterior with 𝜆 = 0
(red), the Gibbs posterior with shrinkage kernel exp{−𝜆ℎ(𝛽, 𝑧; 𝑦)} (green), and the
gradient-bridged posterior (blue); horizontal dashed lines depict ground-truth values
𝑧0
𝑖 𝑗

.

Figure 4-4. Capacity parameter posteriors 𝛽𝑖 𝑗 for each network edge from the Gibbs posterior with
𝜆 = 0 (red), the Gibbs posterior with shrinkage kernel exp{−𝜆ℎ(𝛽, 𝑧; 𝑦)} (green), and
the gradient-bridged posterior (blue); horizontal dashed lines depict true values 𝛽0

𝑖 𝑗
.

Additional simulation results related to the flow network modeling problem are detailed in

the Supplement. There we also include another synthetic experiment on the latent quadratic
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model (Zeng et al., 2024a), a computationally efficient alternative to the latent Gaussian model,

again finding that the gradient-bridged posterior allows for excelleng mixing performance and

accurate inference in a relatively high-dimensional setting with 𝑧 ∈ R1000.

4.6 Data Application: Data Integration for Single-cell Data

We now consider a case study on data integration task. For data that are reproduced across

studies or otherwise collected in batches, study-specific sources of variation may arise

artifactually, and should be accounted for to better estimate the desired shared signal. Many

Bayesian studies of integrating data across studies take a natural factor analytic approach (De Vito

et al., 2021; Roy et al., 2021; Avalos-Pacheco et al., 2022; Chandra et al., 2024). While some of

these studies give special attention to various possible identifiability issues, due to the rotationally

invariant nature of the problem formulation, they all require alignment of the estimated loadings

via post-processing. These studies have proposed post-hoc alignment via orthogonal procrustes

problems as well as Varimax rotation (Aßmann et al., 2016; Rohe and Zeng, 2023).

The gradient-bridged posterior now enables a straightforward way to address the alignment

problem directly. We can include an orthogonal procrustes sub-problem in defining our model

likelihood (Gower, 1975; Ma et al., 2024). Here, we illustrate how just using a distance-based

objective, the methodology allows us to generate aligned samples toward a unified representation

that mitigates batch effects while preserving information from cell types. We remark that this

machinery can be combined within model-based approaches such as factor models to ameliorate

rotational ambiguity.

We consider human pancreatic data (Stoeckius et al., 2017) consisting of transcriptomic

profiles from multiple types of human pancreatic cells. These profiles are obtained through 𝐵 = 5

batches of sequencing technologies, each with distinct technical biases and variations in

sequencing depth. For each batch, the data were processed and transformed into a matrix

𝑋𝑏 ∈ R𝑑×𝑛 (𝑏 = 1, . . . , 𝐵), where 𝑑 is the number of features, 𝑛 is the sample size; hence 𝑋𝑏,(.,𝑖) is

the 𝑖-th observation in the 𝑏-th batch. The data pre-processing procedures are provided in the

Supplementary Materials. To align these batches, we introduce a shared centering parameter
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𝑢 ∈ R𝑑×𝑛, a scaling parameter 𝑠𝑏 > 0 for adjusting the magnitude of the data and an approximate

rotation-reflection matrix 𝑅𝑏 ∈ R𝑑×𝑑 (𝑖 = 1, . . . , 𝐵) for each batch. Following our result described

in Example 4-3, our point of departure is the primal problem

min
𝑅𝑏

∥𝑅𝑏𝑋𝑏 − 𝑠𝑏𝑢∥2𝐹 , subject to 𝑅T
𝑏𝑅𝑏 = 𝐼𝑑 , (4-13)

over batches 𝑏 = 1, . . . , 𝐵. Then, following Equation 4-8 we construct the shrinkage kernel

exp{−𝜆
𝐵∑︁
𝑏=1
∥𝑊𝑏𝑊

T
𝑏 (𝑠

2
𝑏𝑋𝑏𝑢

T𝑢𝑋T
𝑏 )𝑊𝑏𝑊

T
𝑏 − 𝐼 ∥

2
𝐹},

with 𝑅𝑏 = 𝑠𝑏𝑢𝑋T
𝑏
(𝑊𝑏𝑊

T
𝑏
). This positions us to quantify measure of fit under the remaining

contribution to the likelihood

𝑔(𝑦; 𝛽, 𝑧) =
𝑛∏
𝑏=1
(𝜎2)−𝐵/2 exp

{
−
∥𝑅𝑏𝑋𝑏 − 𝑠𝑏𝑢∥2𝐹

2𝜎2

}
.

At a large 𝜆, the gradient-bridged posterior drives the gradient of the dual objective nearly to zero,

thereby approximately satisfying the orthogonality constraint for 𝑅𝑏 while aligning it closely with

its conditional optimum. In contrast, if 𝜆 = 0 and 𝑅T
𝑏
𝑅𝑏 = 𝐼𝑑 exactly, we would have a Gibbs

posterior based on the generalized Procrustes loss. The Gibbs posterior strictly enforces the

orthogonality constraint, yet it lacks a strong concentration of 𝑅𝑏 near its posterior mode, unless

𝜎2 is forced to be near zero. The comparison in Figure 4-5 shows an empirical performance

difference.

We choose standard half-normal priors for 𝑠𝑏, Ga−1(2, 1) prior for 𝜎2 and a standard normal

prior for 𝑢. We run the No-U-Turn Sampler for 100, 000 iterations, and discard the first 10, 000

iterations as burn-ins, and we thin the chain at 20. For each sample of {𝑠𝑏, 𝑅𝑏}𝐵𝑏=1, we can

produce a sample of the unified representation (aligned data) (𝑅𝑏𝑋𝑏/𝑠𝑏)𝐵𝑏=1.

To assess batch effect mitigation, we use the batch-associated Davies–Bouldin index (Davies

and Bouldin, 1979) which quantifies batch separation relative to within-batch compactness.
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Figure 4-5. Density of the angles between the posterior samples 𝑅𝑏 and the optimum of Equation
4-13, from Gibbs posterior (left) and gradient-bridged posterior (right).

Higher values indicate better batch mixing, which in our case indicates reduced batch effects and

thus more successful data integration. Because one index is associated with each aligned sample,

the distribution of Davies-Bouldin indices further allows us to evaluate the variability of

integration outcomes. We compare results using the gradient-bridged posterior to the same index

evaluated on (i) the raw data, (ii) the aligned data via solving the generalized Procrustes problem

under loss function Equation 4-13 under 𝑢 = 𝑋1, and (iii) the samples from a Gibbs posterior as

described above taking 𝜆 = 0 (using a Gibbs sampler with the help of the rstiefel package, Hoff

and Franks, 2021). To facilitate comparison to data under (i) and (ii), we derive a point estimate

from samples under the gradient-bridged posterior and the Gibbs posterior under a

decision-theoretic framework. Specifically, we select the empirical maximizer of the normalized

mutual information computed with respect to the cell-type labels. Normalized mutual information

is chosen because its values effectively reflect how well cell-type signals are preserved.

Figure 4-6. Histograms of posterior samples of batch-associated Davies–Bouldin index, from
Gibbs posterior (left) and gradient-bridged posterior (right). The dashes indicate the
corresponding values from the raw data.
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Figure 4-6 displays the posterior distributions of the batch-associated Davies–Bouldin

index. The gradient-bridged posterior shows a substantial improvement in the batch-associated

Davies–Bouldin index compared to raw data and the Gibbs posterior. To visualize the aligned

data, we embed the point estimates of the unified representations into the space of the first two

principal components. In Figure 4-7, we can see clear batch effects from the raw data, as the

batches, labeled by color, can still be spotted as fairly distinct clusters. The Gibbs posterior

improves the batch mixing, but arguably still exhibits noticeable batch separation. The

gradient-bridged posterior achieves the best batch mixing. In Figure 4-8, we can see cell type

mixing from the raw data. The generalized Procrustes analysis and the Gibbs posterior improve

the cell type separation, but arguably still exhibits cell type mixing. The gradient-bridged

posterior achieves the best cell type recognition, as the cell types can be spotted as distinct

clusters. In more detail, these findings are supported quantitatively as presented in Table 4-1.

Figure 4-7. Integrated data represented in two-dimension using principle component analysis
colored by batch. Left to right: raw data, generalized Procrustes analysis, Gibbs
posterior, gradient-bridged posterior.

Table 4-1. Comparison of point estimates of unified representation in terms of batch-associated
Davies–Bouldin index and normalized mutual information

Data representation Davies–Bouldin index Normalized mutual information
Raw data 9.734 0.286
Gibbs posterior 8.941 0.500
Gradient-bridged posterior 12.610 0.551
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Figure 4-8. Integrated data represented in two-dimension using principle component analysis
colored by cell type. Left to right: raw data, generalized Procrustes analysis, Gibbs
posterior, gradient-bridged posterior.
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CHAPTER 5
NORMALIZING FLOW TO AUGMENTED POSTERIOR: CONDITIONAL DENSITY

ESTIMATION WITH INTERPRETABLE DIMENSION REDUCTION FOR HIGH
DIMENSIONAL DATA ∗

In this chapter, we focus on the conditional density estimation (CDE) problem involving a

high-dimensional 𝑦𝑖 and low-dimensional 𝑥𝑖; for example, 𝑥𝑖 could correspond to labels, or a

continuous vector providing context information for the observed 𝑦𝑖. Specifically, we use the

normalizing flow to form an invertible transform of data 𝑦𝑖 and an “augmented posterior (AP)”

based 𝑧𝑖 that comprises of two components [𝑧𝑃,𝑖, 𝑧𝑁,𝑖]; 𝑧𝑃,𝑖 is a low-dimensional subvector that

forms a joint distribution with 𝑥𝑖, such as via simple logistic/linear regression likelihood

𝑓 (𝑥𝑖 | 𝑧𝑃,𝑖). Effectively, the distribution of [𝑧𝑃,𝑖, 𝑧𝑁,𝑖] is the posterior distribution of (𝑧𝑃,𝑖 | 𝑥𝑖)

augmented by independent Gaussian 𝑧𝑁,𝑖. Note that there has been some recent work on

normalizing flow based CDE, e.g., Papamakarios et al. (2017). However, the proposed approach

enjoys several unique advantages: first, it produces a supervised dimension reduction in those 𝑧𝑃,𝑖

within the CDE framework; second, it requires only simple modification of the common

normalizing flow networks, so it is very easy to implement; last, it produces a single latent

variable 𝑧𝑖 for each data point 𝑦𝑖, and hence the unconditional density calculation does not involve

summation or integration over the space of the predictor variable. We will illustrate these

advantages as well as the outperformed density estimation results in this chapter.

5.1 Motivation

When using the mixture models for CDE, the following two difficulties arise for a

high-dimensional data 𝑦. First, a parametric specification of the component distribution 𝑔 can be

unsatisfactory, since location-scale distribution is often an over-simplification for

high-dimensional data. For example, for a collection of face photos from one subject, the mean of

a Gaussian density 𝑔 is often a poor summary characterization for this group of data points, since

there are other factors (such as unknown lighting conditions) that contribute to the within-group

variability, besides just pixel-wise random noise. To address this issue, it is often useful to assume

that the high-dimensional data point lie close to several manifolds, each having an intrinsic low

∗ Reprinted with permission from Zeng et al. (2024b).
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dimension. One of the well-known solutions is the mixture of factor analyzers (MFA) (McLachlan

and Peel, 2000; Tang et al., 2012), or mixture of probabilistic principal component analysis (PCA)

(Tipping and Bishop, 1999), which retains the multivariate Gaussian density 𝑔[𝑦𝑖 | 𝜇𝑘 (𝑥𝑖), Σ𝑘 ];

further, the covariance matrix takes the form Σ𝑘 = 𝑈𝑘𝑈
′
𝑘
+ Λ𝑘 , with𝑈𝑘 some 𝑝 × 𝑑 matrix with 𝑑

small, and Λ𝑘 a diagonal positive matrix. Effectively this parameterization assumes that for some

ℎ, 𝑦𝑖 − 𝜇𝑘 (𝑥𝑖) lies near a linear subspace spanned by the columns of𝑈𝑘 . However, it is rather

difficult to extend this technique to non-linear manifolds through non-linear mappings.

Alternatively, a popular idea is to find a low-dimensional representation, or “embeddings” that

preserve some (often not all) relational characteristics of the high-dimensional data, such as

pairwise distances or local neighborhoods. Such embedding is denoted by 𝑧𝑖 ∈ R𝑑 for each data

point. Examples include Sammon’s mapping (Sammon, 1969), kernel PCA (Schölkopf et al.,

1997), Laplacian eigenmaps (Belkin and Niyogi, 2003), locally-linear embeddings (Roweis and

Saul, 2000), Gaussian process latent variables (GPLV) (Lawrence, 2003), t-distributed stochastic

neighbor embeddings (t-SNE) (Van der Maaten and Hinton, 2008), uniform manifold

approximation and projection (UMAP) (McInnes et al., 2018), just to name a few. After obtaining

such 𝑧𝑖’s, one could calculate the conditional density 𝑓 (𝑧𝑖 | 𝑥𝑖) for 𝑧𝑖, as a surrogate the

corresponding conditional density for 𝑦𝑖. Despite some success in visualization tasks and cluster

analysis, a key issue among the aforementioned methods is that the procedure of dimension

reduction often lacks a generative distribution (except for GPLV); consequently, a density for

𝑓 (𝑦𝑖 | 𝑥𝑖) can not be obtained.

The second difficulty is the curse of dimensionality when computing a high-dimensional

mixture distribution, which is often overlooked in the literature. Common algorithms used for

mixture model estimation involve a discrete latent variable 𝑧𝑖 = ℎ with probability 𝑤𝑘 , given that

(𝑦𝑖 | 𝑧𝑖 = ℎ, 𝑥𝑖) comes from a component distribution 𝑔[· | 𝜃𝑘 (𝑥𝑖)]. Since

𝑝(𝑧𝑖 = ℎ | 𝑦𝑖, 𝜃𝑘 ) ∝ 𝑤𝑘 𝑓 [𝑦𝑖 | 𝜃𝑘 (𝑥𝑖)], it allows iterating through the following two steps: (a)

sampling of 𝑧𝑖 via a multinomial distribution (or taking expectation 𝑧𝑖 = 𝑝(𝑧𝑖 = ℎ | 𝑦𝑖, 𝜃𝑘 ) in the

EM algorithm (Fraley and Raftery, 2002)); (ii) updating 𝜃𝑘 (𝑥𝑖) conditioned on 𝑧𝑖 or 𝑧𝑖.
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Nevertheless, since for ℎ = 1, . . . , 𝐾 , the high-dimensional 𝑦𝑖 creates large magnitude of densities,

thus resulting in 𝑓 [𝑦𝑖 | 𝜃𝑘 (𝑥𝑖)]/ 𝑓 [𝑦𝑖 | 𝜃𝑙 (𝑥𝑖)] ≈ 0 or∞, unless 𝜃𝑘 (𝑥𝑖) ≈ 𝜃𝑙 (𝑥𝑖). Consequently,

each 𝑝 [𝑧𝑖 | 𝑦𝑖, 𝜃𝑘 (𝑥𝑖)] is very likely to be stuck at 1 for a given ℎ∗, and close to 0 for all the other

ℎ ≠ ℎ∗, with the end result being that the estimation algorithm “gets stuck” at the initial

assignment 𝑧𝑖’s.

The curse-of-dimensionality for density estimation is a well known issue and the reason that

algorithms such as rejection sampling, importance sampling, and Metropolis-Hastings fail in high

dimensions (Gelfand, 2000; Zuev et al., 2011). A similar problem was recently discovered in

high-dimensional clustering (Chandra et al., 2023), which is closely related to the unconditional

density estimation problem.

As introduced in Section 1.3, the normalizing flow models were proposed for

high-dimensional data, e.g., images, where we assume that for each data 𝑦𝑖, there is a latent 𝑧𝑖

following a base distribution, and the two variables are connected by an invertible mapping. Since

one can inversely obtain 𝑧𝑖 as a deterministic transform of 𝑦𝑖, a number of interesting directions of

exploration for 𝑧𝑖 arise. One of them is whether a more interpretable modeling structure for 𝑧𝑖 can

be used, other than just being drawn from an independent Gaussian distribution. Early examples

includes using a mixture of Gaussian distribution (Izmailov et al., 2020), or a mixture of subspace

structure (Peng et al., 2020) to name a select few. Although some interpretable results, including

improved clustering accuracy were reported, it was later discovered that most of the improved

results were largely due to the specific pre-processing of the reported data sets (Haeffele et al.,

2020), instead of the selected distribution for 𝑧𝑖. This cautionary tale serves as a good warning,

that it is quite difficult—if not impossible—to rely on unsupervised normalizing flow (that is,

using 𝑦𝑖 alone) to find structure in the latent 𝑧𝑖. Naturally, this motivates us to consider external

information from 𝑥𝑖, and create a normalizing flow-based conditional density estimator. This

motivates us to propose our new method.
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5.2 Preliminary: Generative Models based on Normalizing Flows

This section provides some preliminary on the normalizing flow neural networks. Suppose

there is a one-to-one and differentiable almost everywhere mapping 𝑇𝜃 : R𝑝 → R𝑝 (with 𝜃 the

parameters within it), that can transform random variable 𝑦 into another latent continuous 𝑧 ∈ R𝑝

following a simple distribution 𝑓𝑧. With a slight abuse of notation, 𝑓. is used to represent both a

density and a probability function. After a change of variable, for 𝑖 = 1, . . . , 𝑛:

𝑓𝑦 (𝑦𝑖) = 𝑓𝑧 [𝑇𝜃 (𝑦𝑖)] |∇𝑦𝑇𝜃 (𝑦𝑖) |,

with |∇𝑦𝑇𝜃 (·) | being the determinant of the Jacobian matrix with the gradient taken with respect to

𝑦𝑖. To estimate 𝑇𝜃 , one typically minimizes the Kullback–Leibler (KL) divergence between the

target distribution 𝑓 ∗𝑦 (𝑦) and the normalizing flow-based 𝑓𝑦 (𝑦), which is

KL[ 𝑓 ∗𝑦 (𝑦), 𝑓𝑧 [𝑇𝜃 (𝑦)] |∇𝑦𝑇𝜃 (𝑦) |] ≈
1
𝑛

𝑛∑︁
𝑖=1

{
− log 𝑓𝑧 [𝑇𝜃 (𝑦𝑖)] |∇𝑦𝑇𝜃 (𝑦𝑖) |

}
+ constant,

where the right hand side is the empirical KL, equaling to the loss function to be minimized over 𝜃.

To flexibly parameterize the transform while maintaining invertibility, one uses a special

multilayer neural network (“invertible neural network”) with 𝑇 = 𝑇1 ◦ 𝑇2 ◦ · · · ◦ 𝑇𝑚, and each

𝑇𝑘 : R𝑝 → R𝑝 is a layer of an invertible transform of relatively simple operations; for example, in

RealNVP (Dinh et al., 2016), the input of 𝑇𝑘 is equally partitioned to 𝑟 = [𝑟𝐴, 𝑟𝐵], and

𝑇𝑘 ( [𝑟𝐴, 𝑟𝐵]) = [𝑟𝐴, 𝑟𝐵 ⊙ 𝑠(𝑟𝐴) + 𝑙 (𝑟𝐴)], with 𝑠 and 𝑙 functions that produce the location-scale

change to 𝑟𝐵. Then in the next layer, one alternates by using

𝑇𝑘+1( [𝑟𝐴, 𝑟𝐵]) = [𝑟𝐴 ⊙ 𝑠(𝑟𝐵) + 𝑙 (𝑟𝐵), 𝑟𝐵]. Other types of neural networks include autoregressive

flows and residual flows. We refer readers to Papamakarios et al. (2021) as a review for all types

of flows employed. Besides invertibility, these neural networks are also carefully designed so that

the term of the determinant of the Jacobian and the inverse mapping of the neural networks can be

computed at low cost.
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Obtaining an approximate solution of 𝑇𝜃 via an invertible neural network leads to a transport

map 𝑇𝜃 , that gives a density estimator for the data 𝑓𝑦 (𝑦𝑖) = 𝑓𝑧 [𝑇𝜃 (𝑦𝑖)] |∇𝑦𝑇𝜃 (𝑦𝑖) |. This method is

commonly referred to as “normalizing flow”, since one often assigns a standard independent

Gaussian distribution to 𝑧 ∼ N(0, 𝐼𝑝) for simplicity, which is often called the base distribution. As

a generative model, one can sample 𝑧𝑖′ ∼ N(0, 𝐼𝑝), and then 𝑦𝑖′ = 𝑇−1
𝜃
(𝑧𝑖′) produces new

generated data from the estimated distribution 𝑓𝑦.

5.3 Method

The section begins by introducing notation used in the sequel. Let 𝑦𝑖 ∈ R𝑝 be a continuous

response with distribution 𝑓𝑦, and 𝑥𝑖 ∈ X ⊆ R𝑚 be the corresponding predictor variable (could be

discrete, continuous, or a mix of both) drawn from another distribution 𝑓𝑥 . This chapter focuses

on the case of large 𝑝 and small 𝑚.

5.3.1 Augmented Posterior for CDE

To enable CDE for 𝑓𝑦 |𝑥 (𝑦𝑖 | 𝑥𝑖), as well as making the latent variable 𝑧𝑖 more interpretable,

we consider a joint distribution between 𝑧 and 𝑥,

𝑓𝑧,𝑥 (𝑧𝑖, 𝑥𝑖) = 𝑓𝑧𝑁 (𝑧𝑁,𝑖) 𝑓𝑧𝑃 (𝑧𝑃,𝑖) 𝑓𝑥 |𝑧 (𝑥𝑖 | 𝑧𝑃,𝑖; 𝛽), (5-1)

independently for 𝑖 = 1, . . . , 𝑛, where 𝑧𝑖 = [𝑧𝑃,𝑖, 𝑧𝑁,𝑖]. The first component 𝑧𝑃,𝑖 ∈ R𝑑 is a

low-dimensional subvector and is used in a predictive model for 𝑥𝑖, whereas the second

component 𝑧𝑁,𝑖 ∈ R𝑝−𝑑 is a high-dimensional subvector unrelated to 𝑥𝑖, and 𝛽 is viewed as a

non-random parameter that will be estimated. If one considers 𝑓𝑥 |𝑧 to be the likelihood for 𝑥, and

𝑓𝑧 to be the prior distribution for 𝑧, then it is not hard to see that,

𝑓𝑧 |𝑥 (𝑧𝑖 | 𝑥𝑖) = 𝑓𝑧𝑁 (𝑧𝑁,𝑖)
𝑓𝑧𝑃 (𝑧𝑃,𝑖) 𝑓𝑥 |𝑧 (𝑥𝑖 | 𝑧𝑃,𝑖; 𝛽)∫
R𝑑 𝑓𝑧𝑃 (𝑡) 𝑓𝑥 |𝑧 (𝑥𝑖 | 𝑡; 𝛽)d𝑡

,

where the second part is the posterior of 𝑧𝑃, 𝑓𝑧𝑃 |𝑥 (𝑧𝑃,𝑖 | 𝑥𝑖; 𝛽), and 𝑓𝑧𝑁 (𝑧𝑁,𝑖) is an independent

random variable that augments this posterior, to make 𝑧𝑖 match the dimension of 𝑦𝑖. Therefore,

each 𝑧𝑖 = (𝑧𝑃,𝑖, 𝑧𝑁,𝑖) is referred to as a sample point from an “augmented posterior”.
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Figure 5-1. The diagram of the architecture of AP-CDE. The solid lines show the generative
process for the data (𝑦, 𝑥). The dashed lines show how to generate a new latent
variable 𝑧 from the augmented posterior.

Figure 5-1 shows the architecture of the proposed model. Note that for simplicity, we retain

the standard independent Gaussian density for 𝑓𝑧𝑁 and 𝑓𝑧𝑃 as in a typical normalizing flow, while

employing a generalized linear model for 𝑓𝑥 |𝑧. For example, if 𝑥𝑖 ∈ R𝑚 is continuous, then one can

use 𝑥𝑖 = 𝛽0 + 𝛽1𝑧𝑖 + 𝜖𝑖, with 𝛽0 ∈ R𝑚, 𝛽1 an 𝑚 × 𝑑 matrix, and 𝜖𝑖
𝑖𝑖𝑑∼ N[®0, diag(𝛽2)] with 𝛽2

positive vector. For each univariate discrete 𝑥𝑖, 𝑗 ∈ {1, . . . , 𝐾}, one can use a multinomial logistic

regression in 𝑓𝑥 |𝑧, 𝑝(𝑥𝑖, 𝑗 = 𝑘 | 𝑧𝑃,𝑖) ∝ exp(𝛽0,𝑘 + 𝛽′𝑘 𝑧𝑃,𝑖), with 𝛽0,𝑘 ∈ R, 𝛽𝑘 ∈ R𝑑 for

𝑘 = 1, . . . , 𝐾 − 1, and 𝛽𝐾 and 𝛽0,𝐾 fixed to 0-value as common in logistic regression. In general,

the conditional probability function 𝑓𝑥 |𝑧 could be proportional to the original function to the power

𝜆 for the purpose of regularization. This is commonly used in robust Bayesian models (Grünwald

and Van Ommen, 2017) and hybrid deep generative models (Nalisnick et al., 2019). In the

proposed model, the normalizing constant is merged into the denominator of the posterior 𝑓𝑧𝑃 |𝑥

naturally, and the model is still a generative one.

In the case of 𝑥𝑖 having both continuous and (potentially more than one) discrete elements,

𝑥𝑖 = [𝑥𝐴,𝑖, 𝑥𝐵,𝑖], one can partition 𝑧𝑃,𝑖 = [𝑧𝑃𝐴,𝑖, 𝑧𝑃𝐵,𝑖], and use a separable likelihood function

𝑓𝑥 |𝑧𝑃 (𝑥𝑖 | 𝑧𝑃,𝑖) = 𝑓𝑥𝐴 |𝑧𝑃𝐴 (𝑥𝐴,𝑖 | 𝑧𝑃𝐴,𝑖) 𝑓𝑥𝐵 |𝑧𝑃𝐵 (𝑥𝐵,𝑖 | 𝑧𝑃𝐵,𝑖)—where the first term on the right models

the continuous part, and the second term does the discrete part. This separation in 𝑧𝑃 is motivated

by applications under consideration, in which commonly the discrete part corresponds to the class
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label of an image, whereas the continuous part to other conditions (such as lighting) that are

unrelated to the labeling information.

Next, if there is an invertible mapping 𝑇𝜃 that connects 𝑧𝑖 and 𝑦𝑖, by applying

change-of-variable, one has

𝑓𝑦 |𝑥 (𝑦𝑖 | 𝑥𝑖) = 𝑓𝑧 |𝑥 [𝑇𝜃 (𝑦𝑖) | 𝑥𝑖; 𝛽] |∇𝑦𝑇𝜃 (𝑦𝑖) |.

To estimate this mapping 𝑇𝜃 as well as the parameter 𝛽 in the predictive model of 𝑥𝑖, one

minimizes the empirical KL divergence between the target distribution 𝑓 ∗
𝑦 |𝑥 (𝑦 | 𝑥) and the

𝑓𝑦 |𝑥 (𝑦 | 𝑥) in the above, leading to:

min
𝜃,𝛽

1
𝑛

𝑛∑︁
𝑖=1

{
− log 𝑓𝑧 [𝑇𝜃 (𝑦𝑖)] |∇𝑦𝑇𝜃 (𝑦𝑖) |

− log 𝑓𝑥 |𝑧 [𝑥𝑖 | 𝑇𝑃𝜃 (𝑦𝑖); 𝛽] + log
∫

R𝑑

𝑓𝑧𝑃 (𝑡) 𝑓𝑥 |𝑧 (𝑥𝑖 | 𝑡; 𝛽)d𝑡
}
,

(5-2)

where 𝑇𝑃
𝜃
(𝑧𝑖) [or, 𝑇𝑁

𝜃
(𝑧𝑖)] means taking the subvector (corresponding to 𝑧𝑃, or 𝑧𝑁 ) from the

output of 𝑇𝜃 (𝑧𝑖). Although the last integral above is often intractable, as the stochastic gradient

descent technique (the commonly used optimization algorithm in normalizing flow) only requires

an approximate gradient via taking a random subset of size 𝑛𝑏 instead of 𝑛, one can replace the

last term via a Monte Carlo estimate, log
[∑𝑀

𝑙=1 𝑓𝑥 |𝑧 (𝑥𝑖 | 𝑡𝑙 ; 𝛽)/𝑀
]
, with each 𝑡𝑙

𝑖𝑖𝑑∼ 𝑓𝑧𝑃 [in this

chapter, N(®0, 𝐼𝑑)]. The 𝑛𝑏 integrals to be estimated can share those 𝑀 random samples 𝑡𝑙’s across

𝑖 in the subset of size 𝑛𝑏, and hence the estimation is inexpensive.

After the KL divergence is minimized, a conditional density estimator is obtained by

𝑓𝑦 |𝑥 (𝑦𝑖 | 𝑥𝑖) = 𝑓𝑧 |𝑥
[
𝑇𝜃 (𝑦𝑖) | 𝑥𝑖; 𝛽

]
|∇𝑦𝑇𝜃 (𝑦𝑖) |.
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Further, to calculate the marginal density of 𝑦 for a new data point for which only the response 𝑦𝑖

is available, one can simply marginalize over 𝑥𝑖 in Equation 5-1, and obtain

𝑓𝑦 (𝑦𝑖) = 𝑓𝑧𝑁
[
𝑇𝑁
𝜃
(𝑦𝑖)

]
𝑓𝑧𝑃

[
𝑇𝑃
𝜃
(𝑦𝑖)

] ��∇𝑦𝑇𝜃 (𝑦𝑖)��.
Therefore, after the optimization, both conditional and marginal density estimation can be

accomplished in a computational efficient manner.

5.3.2 Supervised Dimension Reduction and Validation

Besides conditional density estimates, another advantage of using the augmented posterior

is that it produces a low-dimensional representation 𝑧𝑃,𝑖 that is related to the variations in 𝑥𝑖.

Indeed, after the optimization step concludes, one obtains a computational form that produces

low-dimensional 𝑧𝑃,𝑖 = 𝑇𝑃
𝜃
(𝑦𝑖), and 𝑇𝑃

𝜃
is estimated under supervising information from 𝑥.

On the other hand, one may further wonder if 𝑧𝑃,𝑖 has captured all the useful information

that connects 𝑦𝑖 and 𝑥𝑖. To formalize, if the true data generating mechanism for (𝑦𝑖, 𝑥𝑖) is indeed

based on 𝑧𝑖 ∼ 𝑓𝑧, 𝑦𝑖 = 𝑇−1
𝜃
(𝑧𝑖), 𝑥𝑖 ∼ 𝑓𝑥 |𝑧𝑃 , then one would have the following sufficient dimension

reduction outcome:

𝑥 ⊥⊥ 𝑦 | 𝑇𝑃𝜃 (𝑦),

as the ideal result.

There are ways to test conditional independence in classical linear models (Cook and Ni,

2005) and non-linear low dimensional models (Su and White, 2007, 2008). However, the

combination of nonlinearity and high dimensionality poses significant challenges. Fortunately, for

high-dimensional data with 𝑦𝑖 and 𝑥𝑖, this can be validated via synthesizing new data and

predicting 𝑥𝑖 via another neural network 𝐺, independently trained with (𝑦𝑖, 𝑥𝑖)’s.

Specifically, for each 𝑧𝑖 = 𝑇𝜃 (𝑦𝑖) produced, one fixes 𝑧𝑃,𝑖 while replacing 𝑧𝑁,𝑖 with an

independently sampled 𝑧𝑁,𝑖, 𝑗 ∼ N(0, 𝐼𝑝−𝑑) for 𝑗 = 1, . . . , 𝐽. Then synthesized

𝑦̃𝑖, 𝑗 = 𝑇
−1
𝜃
[𝑧𝑃,𝑖, 𝑧𝑁,𝑖, 𝑗 ] is obtained. One predicts the 𝑥𝑖 using 𝑦̃𝑖, 𝑗 via the separately trained network

𝐺, and observes if each predicted 𝑥𝑖, 𝑗 differ from the observed 𝑥𝑖—in the ideal case, 𝑥𝑖, 𝑗 should
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not differ much from 𝑥𝑖 (since 𝑧𝑃,𝑖 should contain most of the predictive information about 𝑥𝑖), and

the conditional independence can be quantified by the error rate.

5.3.3 Parameterization Details

In this chapter, 𝑇𝜃 is parameterized using the state-of-art normalizing flow Glow (Kingma

and Dhariwal, 2018). We choose Glow in the experiments for its high accuracy on the density

estimation and the ease of implementation. It employs a multi-scale architecture (Dinh et al.,

2016), which contains 𝐿 levels. After each level, half of the dimensions of latent 𝑧𝑖 are

immediately modeled as Gaussians, while the remaining half are further transformed by the flows.

This significantly improves the computation efficiency. Each level consists of 𝐾 (depth) steps of

flow that share an identical structure which contains an activation normalization, an invertible

1 × 1 convolution and an affine coupling layer. In this chapter, we use the additive coupling layer

as a special case of the affine coupling layer, in which the number of channels of the hidden layers

(convolutional neural networks) is set to be 512.

Under this kind of multi-scale architecture, the following important problem is how to

choose the way of splitting 𝑧𝑖 into [𝑧𝑃,𝑖, 𝑧𝑁,𝑖]. First, to make the Monte Carlo estimation of the

integral in Equation 5-2 accurate, efficient and stable, one does not expect 𝑑, the dimension of 𝑧𝑃,𝑖,

too large. Second, since the outputs from the later layers experience more transforms compared to

the ones from the earlier layers, choosing dimensions of 𝑧𝑃,𝑖 from the relatively later layers will

improve the model performance. This is illustrated in the numerical experiments.

5.4 Numerical Experiments

The following set of numerical experiments demonstrates the AP-CDE’s advantages for

density estimation and dimensional reduction. The following competing models are used to

compare its performance: (i) the Glow normalizing flow based on independent Gaussian

𝑧 ∼ N(®0, 𝐼𝑝), without using any information from 𝑥; (ii) a modified Glow based on a Gaussian

mixture (named Glow-Mix), 𝑧𝑖 ∼
∑𝐾
𝑘=1 𝑤𝑘N(𝜇𝑘 , 𝐼𝑝), with 𝐾 set to the ground-truth number of

classes in the data; and (iii) a CDE extended from Glow (named Glow-CDE) by adding 𝑥𝑖 as an

input in each additive coupling layer (Papamakarios et al., 2017, Section 3.4). When the predictor
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variable 𝑥𝑖 is discrete, e.g., class label, the comparison is also made with (iv) a naive CDE model

based on Glow where for each value 𝑥′ of 𝑥𝑖 a Glow is trained on those data 𝑦𝑖 with 𝑥𝑖 = 𝑥′ (named

Glow-NCDE). For a fair comparison, we set the four competitors to have the same numbers of

levels 𝐿 and the same depth 𝐾 , as in the AP-CDE model. The first two models perform

unconditional density estimation with producing latent variables, whereas the last two models are

conditional. Unlike the proposed model, the two CDE models compared do not have a unique

corresponding latent variable for a new data. Note that the fourth model is inefficient because one

has to train models of number of classes of 𝑥.

We use the Adam optimizer (Kingma and Ba, 2014) provided in the PyTorch framework to

train all models, with a mini batch size of 𝑛𝑏 = 64 and learning rate at 0.0005 for all models. All

models are trained for 200 epochs, where the optimizer goes through the whole training dataset

exactly once in each epoch. For the first 10 epochs as warm-up, the learning rate linearly increases

to 0.0005 after each batch training. Then the learning rate goes down to 10−4 using cosine

annealing schedule (Loshchilov and Hutter, 2016). We monitor the loss function of all models and

ensure that convergence is achieved by all models. Finally, 𝑀 = 1000 is set in the Monte Carlo

estimator for the integral in Equation 5-2.

The experiments are based on the following two datasets: the FashionMNIST one of the

fashion products (Xiao et al., 2017) and the Extended Yale Face B one of face images (Lee et al.,

2005b). These images have a single color channel, containing pixel values {0, . . . , 255}. We

follow Papamakarios et al. (2017); Dinh et al. (2016) to dequantize the pixel values by adding

standard uniform noise onto every pixel and scaling the values to (0, 1) by dividing 256.

Additional numerical experiments are shown in the Chapter D.

5.4.1 FashionMNIST Images of Fashion Products

The FashionMNIST data is used to illustrate the CDE when 𝑥𝑖 is discrete. This dataset

contains 70, 000 processed images of fashion products, each having 28 × 28 pixels. Among them,

60, 000 is used for training purposes and the remaining is used for testing. Each image 𝑦𝑖 is

associated with a discrete label 𝑥𝑖 with values from 0 to 9 recording the ground-truth fashion
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products, including T-shirt, sandal, bag, etc. Each image is padded to dimension 32 × 32 by

adding 2 more dimensions of 0 in each of four direction, and then extend each image to 3 channels

by repeating the image in each of channel.

For the Glow model, levels 𝐿 = 3 and depth 𝐾 = 32 are set. For the sub-model 𝑓𝑥 |𝑧 in

AP-CDE, we use the likelihood function of the multinomial logistic regression, as stated in

Section 5.3.1. Since the labels are relatively balanced across classes, to improve interpretation on

the latent 𝑧𝑃,𝑖’s, all intercept terms 𝛽0,𝑘 ’s are set to be zeros. We compare several choices of the

dimensions of 𝑧𝑃,𝑖. To be clear, in the multi-scale architecture, when the data 𝑦𝑖 has dimension

3 × 32 × 32, the output 𝑧(1)
𝑖

from the first level has dimension 6 × 16 × 16, the output 𝑧(2)
𝑖

from the

second level has dimension 12 × 8 × 8, while the final output 𝑧(3)
𝑖

has dimension 48 × 4 × 4. The

following choices of 𝑧𝑃,𝑖 are compared: (1) 𝑧(3)1:2,1,1; (2) 𝑧(2)1:2,1,1; (3) 𝑧(1)1:2,1,1; (4) 𝑧(3)1:16,1,1; (5)

𝑧
(2)
1:4,1:2,1:2; (6) 𝑧(1)1:4,1:2,1:2; (7) 𝑧(3)1:48,1:2,1:2; (8) 𝑧(2)1:12,1:4,1:4; and (9) 𝑧(1)1:3,1:8,1:8.

(a) Glow (b) Glow-Mix (c) AP-CDE

Figure 5-2. Latent representations estimated by the three models applied on the FashionMNIST
training set. For the Glow and the Glow-Mix models, UMAP is used to reduce the
dimensions to 2.

Figure 5-2 plots the latent representations produced by Glow, Glow-Mix and AP-CDE with

the choice (1) for the 𝑧𝑃,𝑖. Recall that for Glow and Glow-Mix, the latent 𝑧𝑖 has the same

dimensionality as the images, UMAP (McInnes et al., 2018) is used to reduce the dimension and

plot its output in 2D. For AP-CDE, the plot of the latent 𝑧𝑃,𝑖 is provided. As expected, the latent

variable produced by Glow follows a simple spherical Gaussian, and thus is not interpretable.

Somewhat surprising, Glow-Mix does not produce a meaningful result either, despite using a
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mixture of 10 Gaussians (that corresponds to the true number of classes)—instead, the Glow-Mix

model converges to only one component containing a mixture of 𝑧𝑖’s from all classes. This

negative finding is in accordance to an early critique on clustering with deep neural networks

(Haeffele et al., 2020), where it was reported that in an unsupervised setting, imposing a modeling

structure on the latent variable (such as a mixture of Gaussians) does not lead to a clear separation

of data from different classes. Using AP-CDE and the supervising label information form 𝑥𝑖, we

obtain a good separation of the ten products based on the low-dimensional representation

𝑧𝑃,𝑖 ∈ R2 for the model 𝑧(3)1:2,1,1 (shown in Figure 5-2(c)).

Table 5-1. The averages of bits per dimension on the training and the testing sets of
FashionMNIST for all models. Lower BPM means higher density.

Models Glow Glow-Mix Glow-CDE Glow-NCDE AP-CDE
Training set 1.02 1.04 1.03 1.31 1.02
Testing set 1.03 1.05 1.04 1.32 1.03

Table 5-1 depicts the average bits per dimension (BPM) on the training and the testing sets

for all models. Here the BPM is the negative log-densities divided by the number of dimensions,

which is broadly used in the literature because it has similar scale for different resolution of

images. For AP-CDE model, we choose the best model considering the error rate and the density

estimation performance among the all choices of 𝑧𝑃,𝑖. The model of using 𝑧(3)1:48,1:2,1:2 is chosen.

Clearly, for this dataset, AP-CDE, likely due to a better group-wise concentration, produces

overall higher (or equal) marginal densities compared to its competitors.

Table 5-2. The averages of bits per dimension on the training and the testing sets and the
classification error rates on the testing sets for all AP-CDE models on the
FashionMNIST data.

𝑧
(3)
1:2,1,1 𝑧

(2)
1:2,1,1 𝑧

(1)
1:2,1,1 𝑧

(3)
1:16,1,1 𝑧

(2)
1:4,1:2,1:2

BPM (Training set) 1.02 1.03 1.01 1.05 1.06
BPM (Testing set) 1.03 1.03 1.02 1.06 1.06
Error rate (%) 50.96 60.53 89.69 6.89 7.48

𝑧
(1)
1:4,1:2,1:2 𝑧

(3)
1:48,1:2,1:2 𝑧

(2)
1:12,1:4,1:4 𝑧

(1)
1:3,1:8,1:8

BPM (Training set) 1.02 1.02 1.04 1.01
BPM (Testing set) 1.02 1.03 1.05 1.02
Error rate (%) 80.33 6.46 7.26 89.9
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Table 5-2 depicts the average bits per dimension on the training and the testing sets for all

AP-CDE models as well as the classification error rates on the testing set, where one obtains 𝑧𝑃,𝑖

and predict the label via the trained logistic regression model using

arg max𝑘∈{0,...,9} 𝑓𝑥 |𝑧𝑃 (𝑘 | 𝑇𝑃𝜃 (𝑦𝑖)). It shows that when one chooses more dimensions of the same

level for the 𝑧𝑃,𝑖, the classification error rate will be lower, while the density estimation

performances do not vary significantly. Moreover, even when the 𝑧𝑃,𝑖 has the same number of

dimensions, the higher level can provide more accurate classification. This bunch of experiments

is an important guidance on how to choose the dimensions for 𝑧𝑃,𝑖—the whole output of the last

level is always not a bad choice.

Empirically it shows that the low-dimensional representation 𝑧𝑃,𝑖 contains almost all the

information to separate the different classes when the dimensions of 𝑧𝑃,𝑖 are well chosen. For the

model 𝑧(3)1:48,1:2,1:2, as described in Section 5.3.2, if one fixes 𝑧𝑃,𝑖, but replaces 𝑧𝑁,𝑖 with

independently sampled realizations from a Gaussian distribution, and then through 𝑇−1
𝜃

one can

obtain 10 new images for each original observation 𝑖. We then employ the ResNet101 (He et al.,

2016) (a convolutional neural network separately trained on the training set) to classify these

artificially generated images, and find that 95.26% of them are still classified to the same class

label as the 𝑦𝑖’s. Hence, it is concluded that the 𝑧𝑁,𝑖 largely corresponds to within-class variation,

whereas 𝑧𝑃,𝑖 captures between-class variation.

(a) Training set. (b) Testing set.

Figure 5-3. The first two dimensions of the latent variables from AP-CDE model 𝑧(3)1:2,1,1 on
FashionMNIST, colored by the estimated densities in the scale of BPM.
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Further, we color the latent 𝑧𝑃,𝑖 using the magnitude of the density (Figure 5-3). In the

result, those points with relatively low density values tend to correspond to images of low quality

or higher ambiguity regarding the product class. To show this, we plot a few sampled fashion

products in Figure 5-4 and sort each row by the density value in increasing order. It can be seen

that the images on the left tend to be harder to assign to a class, compared to the ones on the right.

Figure 5-4. Sample images from the AP-CDE model 𝑧(3)1:48,1:2,1:2 trained by FashionMNIST data,
with each row sorted in the increasing order of estimated densities.

5.4.2 Human Face Photos

To illustrate the AP-CDE with continuous and mixed-type 𝑥𝑖, experiments are also run on

the Yale face dataset. There are 2, 414 face photos, each containing a single color channel with a

168 × 192 pixel resolution. The images are resized to 28 × 32 to reduce computation cost, while

maintaining clarity of the photos. The images come from 38 people, and this information is used

as a discrete class variable 𝑥𝐴,𝑖. Further, the photos were taken under different light conditions,
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recorded as azimuth angle and elevation. This information is used as two continuous variables 𝑥𝐵,𝑖

and 𝑥𝐶,𝑖.

For the Glow model, the parameters are set to 𝐿 = 3 and 𝐾 = 32. A logistic regression

likelihood 𝑓𝑥𝐴 |𝑧𝑃𝐴 is used for the discrete 𝑥𝐴, that depends on 3 dimensions of 𝑧(3)1:3,1,1. Here, 𝑧(3) is

the output from the third level. Linear regression 𝑥𝐵,𝑖 = 𝛽𝐵0 + 𝛽
𝐵
1 𝑧𝑃𝐵,𝑖 + 𝜖𝐵𝑖 ,

𝑥𝐶,𝑖 = 𝛽
𝐶
0 + 𝛽

𝐶
1 𝑧𝑃𝐶 ,𝑖 + 𝜖

𝐶
𝑖

are employed for the other two covariates, where both 𝑧𝑃𝐵,𝑖 = 𝑧
(3)
4,1,1 and

𝑧𝑃𝐶 ,𝑖 = 𝑧
(3)
5,1,1 are one dimensional. Assume 𝜖𝐵

𝑖

𝑖𝑖𝑑∼ N(0, 0.01) and 𝜖𝐶
𝑖

𝑖𝑖𝑑∼ N(0, 0.01); note the low

value of the variance selected, which forces higher correlation between (𝑥𝐴, 𝑧𝑃𝐴
) and (𝑥𝐵, 𝑧𝑃𝐵

). In

this case, the last integral in Equation 5-2 has closed form because the integrand is the product of

two Gaussian densities. The integral is 1/
√︃

2𝜋(𝛽2
2 + 𝛽

2
1) exp{−(𝑥𝑖 − 𝛽0)2/[2(𝛽2

2 + 𝛽
2
1)]}.

(a) Glow (b) Glow-Mix (c) AP-CDE

Figure 5-5. The latent representations estimated from the Yale face data. The UMAP is used to
reduce the dimensions to 2 for Glow and Glow-Mix. For the AP-CDE model, all the
dimensions of 𝑧𝑃 are shown in pairs plot.

Competing methods include Glow and Glow-Mix. As can be seen in Figure 5-5, AP-CDE

leads to a clear separation of latent representations due to the use of label information, whereas

unsupervised Glow and Glow-Mix fail to do so. Further, the Glow model does not produce a

group-mixed sphere as did in the FashionMNIST experiment. The Glow-Mix model produces

four clusters in the latent space but none of them represents some class of people.

To show the expressiveness of AP-CDE as a generative model, the following procedure is

used to synthesize new artificial images. One selects a range for Azimuth angles (−100 to 100)

and a range for elevations (−60 to 60) (with interpolation), and form a 12 × 12 grid. For each grid
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Figure 5-6. Synthesized face photos with gradually changing light azimuth angles (left to right)
and elevations (top to bottom).

cell, one draws a 𝑍𝑃𝐴,𝑖 that corresponds to a person’s identity, from the empirical posterior

distribution from the AP-CDE estimates. Further, one randomly draws the 𝑍𝑁,𝑖 component from a

N(®0, 𝐼) distribution. With this choice of 𝑧𝑖, we synthesize new images for the 𝑖-th subject

𝑦̃𝑖 = 𝑇
−1
𝜃
(𝑧𝑖). As shown in Figure 5-6, there is a clear trend of change in the lighting conditions,

caused by the changing values of (𝑥𝐵,𝑖, 𝑥𝐶,𝑖).

5.5 Data Application

In the application study, we use 18001 images of leaves from strawberry plants, which either

are healthy or have one of the three types of diseases: powdery mildew, anthracnose and fusarium

wilt. This forms the labels of the four classes, which can be treated as the predictor variable 𝑥.
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The AP-CDE model is expected to conditionally estimate the densities of the images as well as do

a supervised dimensional reduction.

Considering that the backgrounds of the images cause overfitting problem because the

similarities between backgrounds rather than between the characteristics of the diseases take

account for the major contribution on the distinction of the several groups (Saikawa et al., 2019),

we use the method mentioned in Saikawa et al. (2019) to remove the backgrounds of all images.

This segmentation also enhanced the quality of density estimation by reducing the redundant

information. The images are resized to 128 × 128 resolution. To improve visual quality in

generating samples, we follow Kingma and Dhariwal (2018) to use 5-bit images. Then they

dequantize the pixel values as stated in the Section 5.4. The data is split into training set which

includes 16000 images and the testing set which includes 2001 images.

For the parameters of Glow, the parameters are set to 𝐿 = 6 and 𝐾 = 32. For the conditional

likelihood of 𝑥 | 𝑧𝑃, again, we use 𝑓𝑥 |𝑧 ∝ 𝑔𝜆𝑥 |𝑧, where 𝑔 is the likelihood function of the

multinomial logistic regression through the origin and 𝜆 = 1000. The subvector 𝑧𝑃,𝑖 is chosen to

be the output of the last level, which has dimension 384 × 2 × 2.

Table 5-3. The averages bits per dimension on the training and the testing sets of the leaves of
strawberry plants data for all models.

Models Glow Glow-Mix Glow-CDE Glow-NCDE AP-CDE
Training set 4.16 4.25 4.19 4.18 4.16
Testing set 4.17 4.26 4.22 4.18 4.17

Table 5-3 shows the average bits per dimension results for all models on the training and

testing sets. The proposed AP-CDE model outperforms the other competitors on density

estimation, while gets results as good as Glow. Figure 5-8(b) shows generated images for each of

the four classes. As a comparison, Figure 5-8(a) shows the real images for each of the four classes.

The second column shows the generated powdery mildew images, which clearly have some white

spots on the leaves; the third column shows the generated anthracnose images, which have purple

spots on the leaves; and the fourth column shows the generated fusarium wilt images.
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(a) Glow (b) Glow-Mix (c) AP-CDE, the first two
dimensions

(d) AP-CDE, the third
and fourth dimensions

Figure 5-7. The latent variables mapping from the leaves of strawberry plants images produced
from the models. The UMAP is used to reduce the dimensions to 2 for Glow and
Glow-Mix models.

For this complex dataset, the proposed model still captures some features of the diseases of

the strawberry plants, and gives 20.8% classification error on the testing set, where the label is

predicted via the logistic regression model on the 𝑧𝑃,𝑖. We also validate the model using the

method stated in Section 5.3.2 and the independent classification model for which the ResNet101

is used gets 82.7% accuracy on the new generated images. This means the AP-CDE model is

helpful for conditional generating more images of leaves of strawberry plants. Figure 5-7 plots the

latent representations produced by these models. For Glow and Glow-Mix, the UMAP (McInnes

et al., 2018) is used to reduce the dimension of latent 𝑧𝑖 and plot its output in 2D. For the latent

𝑧𝑃,𝑖 produced by AP-CDE, the plot between the first and the second dimension is provided, as well

as the plot between the third and the fourth dimension. The Glow and Glow-Mix models do not

provide any useful dimension reduction, while the latent variables provided by AP-CDE are

separated over the four classes.
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(a) Real images (b) Generated images

Figure 5-8. Real images (reproduced with permission from Dr. Hitoshi Iyatomi’s Lab) and
generated images using the AP-CDE model for the leaves of strawberry plants.
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CHAPTER 6
DISCUSSION AND FUTURE WORK

In Chapter 2, we propose a modification to the canonical stick-breaking construction,

leading to an infinite mixture model that provides consistency for the number of clusters (like the

MFM model) as well as easy implementation in posterior MCMC computation (like the Dirichlet

process mixture model). Heiner et al. (2019) similarly proposes a tweak to the breaking

proportion 𝑣𝑘 under the framework of the Bayesian finite mixture prior, while we focus on the

infinite mixture model and construct the theoretical properties on the number of clusters.

There are several extensions worth further pursuing. First, recovery of the true number of

clusters under a misspecified model is still an open problem. In a recent work (Cai et al., 2021), it

is theoretically shown that even a small amount of misspecification of the components will tend to

result in over-estimation of the number of clusters in overfitted finite mixture models. Intuitively,

this suggests that in addition to controlling the mixture weights to avoid small spurious clusters, it

is also important to ensure that the family of component distributions is flexible enough to avoid

severe model misspecification issues. Second, it would be interesting to investigate whether the

combination of the quasi-Bernoulli infinite mixture framework and distance clustering

approaches, such as the Laplacian-based approach (Rohe et al., 2011), can lead to a consistency

result for the number of clusters.

The popular mixture models (such as Dirichlet process and Pitman–Yor process mixtures)

are completely fine for the task of density estimation; nevertheless in some sense, a non-parametric

mixing measure entails some misspecification under an indefinitely increasing 𝑛, which inherently

assumes the number of clusters growing with 𝑛, hence conflicting with the popular modeling view

where there is a fixed ground-truth 𝑘0. Our insight is that for any fixed 𝑛, we have an exchangeable

partition probability function (which is calculated by integrating out the mixture weights of those

non-occupied components) that gives a discrete distribution for 𝐾 ∈ {1, . . . , 𝑛}. Therefore, we can

calibrate the asymptotic behavior of the probability function to produce a consistent estimator, via

either controlling 𝛼 in the Dirichlet process mixture or 𝜖 as we do in our quasi-Bernoulli model.
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In Chapter 3, we present an approach for using optimization as a modeling tool to form a

class of augmented likelihoods. These likelihoods enjoy a generative interpretation, with the use

of latent variables 𝑧 and constraints via the conditional distribution of 𝑦 given 𝑧. Hence, they are

amenable to the inference in the Bayesian framework, and in turn allow uncertainty quantification.

We demonstrate several computational and modeling advantages over related Gibbs posterior

alternatives in the literature.

In our present examples, we have focused on well-behaved loss functions with unique

optima, which can be obtained efficiently with high numerical accuracy. Moving beyond this

relatively clean setting merits future study as extensions and generalizations of the bridged

posterior. Many problems, such as those with non-convex objectives functions, entail losses

featuring multiple local optima (Zhang et al., 2020). The solution 𝑧 returned by the algorithm at

convergence may depend on the choice of initialization 𝑧 in these cases, where our approach has

made use of a well-defined solution as input in a hierarchy. One generalization that may be fruitful

is to assign a probability distribution over 𝑧, enabling us to view the optimization procedure as an

algorithm mapping to another distribution for 𝑧. Second, many popular optimization algorithms,

including stochastic variants of schemes such as gradient descent and early stopping, may produce

approximately optimal solutions. In such cases, it may be more appropriate to model Π(𝑧 | 𝑦, 𝜆)

to carry some uncertainty reflecting numerical errors or stopping criteria, in place of the point

mass used in our current formulation. It is interesting to explore further connections to areas

including Bayesian probabilistic numerical methodology (Cockayne et al., 2019) and

optimization-based frequentist confidence intervals for constrained problems (Batlle et al., 2023).

In Chapter 4, we introduce an intuitive approach to account for sub-problems within a

Bayesian statistical model. The idea of using a continuous shrinkage kernel on the partial gradient

of the sub-problem loss is designed to yield straightforward inference and computational routines.

Rather than requiring bespoke samplers to handle constraints or optimization sub-problems, the

methodology is designed so that standard gradient-based posterior sampling can be readily
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applied. The methodology is supported via asymptotic theory, and its performance in finite

samples is supported empirically through simulation and case studies.

While this method is equipped to handle a broad variety of problems, it is currently limited

to differentiable sub-problem losses ℎ. A natural avenue for future work, then, would extend these

ideas to non-differentiable losses such as hinge loss. Proximal mappings provide one route for

handling such cases (Polson et al., 2015), and recent ideas in the Bayesian literature for handling

constraints and priors using these optimization-centric ideas (Heng et al., 2023; Zhou et al., 2024)

are likely to be fruitful in similarly extending the gradient-bridged framework. Additionally, for

non-convex problems such as phase retrieval (Bahmani and Romberg, 2017), it may be

advantageous to solve a convex relaxation of the problem while incorporating additional priors to

keep 𝑧 near the approximate solution.

In Chapter 5, we extends the normalizing flow neural network to the task of CDE. It

produces a generative model for high-dimensional data that can incorporate information from

external predictors. Importantly, by using only a subset of the one-to-one transform from the

high-dimensional data, a useful dimension reduction is achieved, in which the low-dimensional

representation is empirically sufficient to characterize the changes of the response variable due to

the predictor.

A number of neural network-based models for CDE have appeared in the literature (see, e.g.,

recent reviews Ambrogioni et al. (2017); Rothfuss et al. (2019)). Nevertheless, we want to

emphasize the versatility and simplicity of the proposed approach. AP-CDE can work with any

existing normalizing flow network architecture, with only a modification of the base distribution

density from a normal one to the product of a prior distribution and a likelihood function.

There are several interesting directions for future work. First, there is a connection of the

strategy for new photo synthesis—“keeping 𝑧𝑃, sampling 𝑧𝑁 and pulling back via 𝑇−1”—to the

popular practice of “data augmentation in deep learning” (Shorten and Khoshgoftaar, 2019).

Conventionally, to counter the small training sample problem, especially in image modeling, one

relies on techniques such as geometric transformations, color space augmentation and random
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erasing. Nevertheless, there is a recent trend in using another neural network for data

augmentation, such as adversarial training and neural style transfer. The proposed AP-CDE can be

considered another solution. Second, the normalizing flow networks can be too flexible, in the

sense that they could transform a data distribution approximately to any latent distribution. This is

likely why the unsupervised mixture of Gaussian latent distribution fails to explain the variations

in the observed space. The proposal of using the predictor-conditional distribution shows that

there is room to make the latent variable more interpretable; nevertheless, caution should be taken

and additional validation methods could be developed.

121



APPENDIX A
APPENDIX FOR CHAPTER 2

A.1 Proofs

Proof of Theorem 2-1.

The conditional probability mass function of the assignment variables 𝑐 = (𝑐1, . . . , 𝑐𝑛) is

𝑃(𝑐 | 𝑏1, 𝑏2, . . . , 𝛽1, 𝛽2, . . .) =
∞∏
𝑘=1
(1 − 𝛽𝑘𝑏𝑘 )𝑛𝑘 (𝛽𝑘𝑏𝑘 )𝑚𝑘 ,

where 𝑛𝑘 =
∑𝑛
𝑖=1 1(𝑐𝑖 = 𝑘) and 𝑚𝑘 =

∑𝑛
𝑖=1 1(𝑐𝑖 > 𝑘). Define 𝑀 (𝑐) := max{𝑐1, . . . , 𝑐𝑛} and

𝑄𝑘 := 𝑝 + (1 − 𝑝)𝐼𝜖 (𝑚𝑘 + 𝛼, 𝑛𝑘 + 1)/𝜖𝛼. Then

𝑃(𝑐) =
∞∏
𝑘=1

∫ 1

0

(
𝑝(1 − 𝛽𝑘 )𝑛𝑘 (𝛽𝑘 )𝑚𝑘 + (1 − 𝑝) (1 − 𝜖 𝛽𝑘 )𝑛𝑘 (𝜖 𝛽𝑘 )𝑚𝑘

)
𝛼𝛽𝛼−1

𝑘 𝑑𝛽𝑘

=

∞∏
𝑘=1

(
𝑝𝛼B(𝑛𝑘 + 1, 𝑚𝑘 + 𝛼) + (1 − 𝑝)

𝛼

𝜖𝛼
B(𝑛𝑘 + 1, 𝑚𝑘 + 𝛼)

∫ 𝜖

0

(1 − 𝑥)𝑛𝑘 (𝑥)𝑚𝑘+𝛼−1

B(𝑛𝑘 + 1, 𝑚𝑘 + 𝛼)
𝑑𝑥

)
(a)
=

𝑀 (𝑐)∏
𝑘=1

(
𝑝𝛼B(𝑛𝑘 + 1, 𝑚𝑘 + 𝛼) + (1 − 𝑝)

𝛼

𝜖𝛼
B(𝑛𝑘 + 1, 𝑚𝑘 + 𝛼)𝐼𝜖 (𝑚𝑘 + 𝛼, 𝑛𝑘 + 1)

)
=

𝑀 (𝑐)∏
𝑘=1

𝛼Γ(𝑛𝑘 + 1)Γ(𝑚𝑘 + 𝛼)
Γ(𝑛𝑘 + 𝑚𝑘 + 𝛼 + 1) 𝑄𝑘

(b)
=

( 𝑀 (𝑐)∏
𝑘=1

Γ(𝑛𝑘 + 1)
) 𝑀 (𝑐)∏
𝑘=1

𝛼𝑄𝑘Γ(𝑚𝑘 + 𝛼)
(𝑚𝑘−1 + 𝛼)Γ(𝑚𝑘−1 + 𝛼)

=
Γ(𝛼)

Γ(𝑛 + 𝛼)

( 𝑀 (𝑐)∏
𝑘=1

Γ(𝑛𝑘 + 1)
) 𝑀 (𝑐)∏
𝑘=1

𝛼𝑄𝑘

𝑚𝑘−1 + 𝛼
.

In step (a), we use the fact that for all 𝑘 > 𝑀 (𝑐), we have 𝑛𝑘 = 0 and 𝑚𝑘 = 0, and thus, everything

cancels for such 𝑘 since 𝐵(1, 𝛼) = 1/𝛼 and 𝐼𝜖 (𝛼, 1) = 𝜖𝛼. In step (b), we use the fact that

𝑛𝑘 + 𝑚𝑘 = 𝑚𝑘−1, and thus, Γ(𝑛𝑘 + 𝑚𝑘 + 𝛼 + 1) = (𝑚𝑘−1 + 𝛼)Γ(𝑚𝑘−1 + 𝛼).

Define 𝑔𝑘 :=
∑𝑛
𝑖=1 1(𝑐𝑖 ≥ 𝑘) =

∑∞
𝑙=𝑘 𝑛𝑙 , and note that 𝑔𝑘 = 𝑚𝑘−1. Let A𝑐 be the partition of

{1, . . . , 𝑛} induced by 𝑐. Fix a partition A = {𝐴1, . . . , 𝐴𝑡}. When A𝑐 = A, there are exactly 𝑡

unique values among 𝑐1, . . . , 𝑐𝑛. Let 𝑘1 < 𝑘2 < · · · < 𝑘𝑡 denote these unique values, and set

𝑘0 = 0. For 𝑘 𝑗−1 < 𝑘 < 𝑘 𝑗 , we have 𝑛𝑘 = 0 and 𝑔𝑘 = 𝑔𝑘+1 = 𝑔𝑘 𝑗 , and thus 𝑄𝑘 = 𝑝 + (1 − 𝑝)𝜖𝑔𝑘 𝑗 .
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Meanwhile, for 𝑘 = 𝑘 𝑗 , we have 𝑛𝑘 = 𝑛𝑘 𝑗 and 𝑔𝑘+1 = 𝑔𝑘 𝑗+1 , and thus it follows that

𝑄𝑘 = 𝑝 + (1 − 𝑝)𝐼𝜖 (𝑔𝑘 𝑗+1 + 𝛼, 𝑛𝑘 𝑗 + 1)/𝜖𝛼. Hence, for all 𝑐 such that A𝑐 = A, we have

𝑃(𝑐) = Γ(𝛼)
Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛𝑘 𝑗 + 1)
) 𝑡∏
𝑗=1
𝑈 𝑗 (𝑐)

where

𝑈 𝑗 (𝑐) =
(
𝛼𝑝 + 𝛼(1 − 𝑝)𝐼𝜖 (𝑔𝑘 𝑗+1 + 𝛼, 𝑛𝑘 𝑗 + 1)/𝜖𝛼

𝑔𝑘 𝑗 + 𝛼

) (
𝛼𝑝 + 𝛼(1 − 𝑝)𝜖𝑔𝑘 𝑗

𝑔𝑘 𝑗 + 𝛼

)𝑑 𝑗

where 𝑑 𝑗 = 𝑘 𝑗 − 𝑘 𝑗−1 − 1. Since there is a unique permutation 𝜎 = (𝜎1, . . . , 𝜎𝑡) of {1, . . . , 𝑡} such

that 𝐴𝜎𝑗
= {𝑖 : 𝑐𝑖 = 𝑘 𝑗 } for all 𝑗 ∈ {1, . . . , 𝑡}, the mapping between {𝑐 : A𝑐 = A} and

{(𝜎, 𝑑1, . . . , 𝑑𝑡) : 𝜎 ∈ 𝑆𝑡 , 𝑑1, . . . , 𝑑𝑡 ∈ N} is a bijection. (Here, 𝑆𝑡 is the set of all permutations of

{1, . . . , 𝑡}, and N := {0, 1, 2, . . .}.) Let 𝑛∗
𝑗

:= |𝐴 𝑗 | and 𝑔∗
𝑗
(𝜎) :=

∑𝑡
𝑙= 𝑗 𝑛

∗
𝜎𝑙

. For the value of

(𝜎, 𝑑1:𝑡) that corresponds to 𝑐, we have 𝑔𝑘 𝑗 = 𝑔∗𝑗 (𝜎) and 𝑛𝑘 𝑗 = |𝐴𝜎𝑗
| = 𝑛∗𝜎𝑗

, and thus,

𝑈 𝑗 (𝑐) = 𝑈∗𝑗 (𝜎, 𝑑1:𝑡) where

𝑈∗𝑗 (𝜎, 𝑑1:𝑡) :=
(
𝛼𝑝 + 𝛼(1 − 𝑝)𝐼𝜖 (𝑔∗𝑗+1(𝜎) + 𝛼, 𝑛

∗
𝜎𝑗
+ 1)/𝜖𝛼

𝑔∗
𝑗
(𝜎) + 𝛼

) (
𝛼𝑝 + 𝛼(1 − 𝑝)𝜖𝑔

∗
𝑗
(𝜎)

𝑔∗
𝑗
(𝜎) + 𝛼

)𝑑 𝑗

.

Summing over 𝑑 𝑗 and using
∑∞
𝑑=0 𝑥

𝑑 = 1/(1 − 𝑥) for |𝑥 | < 1, we have

∞∑︁
𝑑 𝑗=0

𝑈∗𝑗 (𝜎, 𝑑1:𝑡) =
𝛼𝑝 + 𝛼(1 − 𝑝)𝐼𝜖 (𝑔∗𝑗+1(𝜎) + 𝛼, 𝑛

∗
𝜎𝑗
+ 1)/𝜖𝛼

𝑔∗
𝑗
(𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔

∗
𝑗
(𝜎))

.

Note that𝑈∗
𝑗
(𝜎, 𝑑1:𝑡) depends on 𝑑1:𝑡 only through 𝑑 𝑗 . Therefore,

𝑃𝜖,𝑛 (A) =
∑︁

𝑐 :A𝑐=A
𝑃(𝑐) = Γ(𝛼)

Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛∗𝑗 + 1)
) ∑︁
𝜎∈𝑆𝑡

∞∑︁
𝑑1=0
· · ·

∞∑︁
𝑑𝑡=0

𝑡∏
𝑗=1
𝑈∗𝑗 (𝜎, 𝑑1:𝑡)

=
Γ(𝛼)

Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛∗𝑗 + 1)
) ∑︁

all 𝜎

𝑡∏
𝑗=1

∞∑︁
𝑑 𝑗=0

𝑈∗𝑗 (𝜎, 𝑑1:𝑡)

=
𝛼𝑡Γ(𝛼)
Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛∗𝑗 + 1)
) ∑︁

all 𝜎

𝑡∏
𝑗=1

𝑝 + (1 − 𝑝)𝐼𝜖 (𝑔∗𝑗+1(𝜎) + 𝛼, 𝑛
∗
𝜎𝑗
+ 1)/𝜖𝛼

𝑔∗
𝑗
(𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔

∗
𝑗
(𝜎))

.
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This proves the result. □

Proof of Lemma 2-1.

The general approach of the proof follows the technique of Miller (2019). The conditional

probability mass function of the assignment variables is

𝑃(𝑐 | 𝑏1, 𝑏2, . . . , 𝛽1, 𝛽2, . . .) =
∞∏
𝑘=1
(1 − 𝛽𝑘𝑏𝑘 )𝑛𝑘 (𝛽𝑘𝑏𝑘 )𝑔𝑘+1 ,

where 𝑛𝑘 =
∑𝑛
𝑖=1 1(𝑐𝑖 = 𝑘) and 𝑔𝑘 =

∑𝑛
𝑖=1 1(𝑐𝑖 ≥ 𝑘). Let 𝑀 (𝑐) = max{𝑐1, . . . , 𝑐𝑛}. Then

𝑃(𝑐) =
∞∏
𝑘=1

∫ 1

0

(
𝑝(1 − 𝛽𝑘 )𝑛𝑘 (𝛽𝑘 )𝑔𝑘+1 + (1 − 𝑝)1(𝑔𝑘+1 = 0)

)
𝛼𝛽𝛼−1

𝑘 𝑑𝛽𝑘

=

𝑀 (𝑐)∏
𝑘=1

(
𝑝𝛼B(𝑛𝑘 + 1, 𝑔𝑘+1 + 𝛼) + (1 − 𝑝)1(𝑔𝑘+1 = 0)

)
=

( 𝑀 (𝑐)−1∏
𝑘=1

𝑝𝛼Γ(𝑛𝑘 + 1)Γ(𝑔𝑘+1 + 𝛼)
Γ(𝑛𝑘 + 𝑔𝑘+1 + 𝛼 + 1)

) (
𝑝𝛼B(𝑛𝑀 (𝑐) + 1, 𝛼) + 1 − 𝑝

)
=

( 𝑀 (𝑐)−1∏
𝑘=1

Γ(𝑛𝑘 + 1)
) ( 𝑀 (𝑐)−1∏

𝑘=1

𝑝𝛼Γ(𝑔𝑘+1 + 𝛼)
Γ(𝑔𝑘 + 𝛼 + 1)

) (
𝑝𝛼B(𝑛𝑀 (𝑐) + 1, 𝛼) + 1 − 𝑝

)
=

Γ(𝛼)
Γ(𝑛 + 𝛼)

( 𝑀 (𝑐)∏
𝑘=1

Γ(𝑛𝑘 + 1)
) ( 𝑀 (𝑐)−1∏

𝑘=1

𝑝𝛼

𝑔𝑘 + 𝛼

) (
𝑝𝛼 + (1 − 𝑝)/B(𝑛𝑀 (𝑐) + 1, 𝛼)

𝑛𝑀 (𝑐) + 𝛼

)
.

LetA(𝑐) denote the partition of {1, . . . , 𝑛} corresponding to 𝑐. For fixedA = {𝐴1, . . . , 𝐴𝑡},

when A(𝑐) = A, there are exactly 𝑡 unique values among 𝑐1, . . . , 𝑐𝑛. Let 𝑘1 < 𝑘2 < · · · < 𝑘𝑡

denote these unique values, and set 𝑘0 = 0. For 𝑘 𝑗−1 < 𝑘 ≤ 𝑘 𝑗 , we have 𝑔𝑘 = 𝑔𝑘 𝑗 . Hence, for 𝑐

satisfying A(𝑐) = A, we have 𝑃(𝑐) = (Γ(𝛼)/Γ(𝑛 + 𝛼))
( ∏𝑡

𝑗=1 Γ(𝑛𝑘 𝑗 + 1)
) ∏𝑡

𝑗=1𝑈 𝑗 (𝑐), where

𝑈 𝑗 (𝑐) = (𝑝𝛼/(𝑔𝑘 𝑗 + 𝛼))𝑑 𝑗 for 1 ≤ 𝑗 < 𝑡 and

𝑈𝑡 (𝑐) =
𝑝𝛼 + (1 − 𝑝)/B(𝑛𝑘𝑡 + 1, 𝛼)

𝑛𝑘𝑡 + 𝛼

(
𝑝𝛼

𝑔𝑘𝑡 + 𝛼

)𝑑𝑡−1
=

(
1 + (1 − 𝑝)/𝑝𝛼

B(𝑛𝑘𝑡 + 1, 𝛼)

) (
𝑝𝛼

𝑔𝑘𝑡 + 1

)𝑑𝑡
where 𝑑 𝑗 = 𝑘 𝑗 − 𝑘 𝑗−1 for 𝑗 = 1, . . . , 𝑡.
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Since there is a unique permutation 𝜎 = (𝜎1, . . . , 𝜎𝑡) ∈ 𝑆𝑡 such that 𝐴𝜎𝑗
= {𝑖 : 𝑐𝑖 = 𝑘 𝑗 }, the

mapping between {𝑐 : A(𝑐) = A} and
{
(𝜎, 𝑑1, . . . , 𝑑𝑡) : 𝜎 ∈ 𝑆𝑡 , 𝑑1, . . . , 𝑑𝑡 ∈ {1, 2, . . .}

}
is a

bijection. Letting 𝑛 𝑗 = |𝐴 𝑗 |, we have

𝑃0,𝑛 (A) =
∑︁

𝑐 :A(𝑐)=A
𝑃(𝑐) = Γ(𝛼)

Γ(𝑛 + 𝛼)

( 𝑡∏
𝑗=1

Γ(𝑛 𝑗 + 1)
) ∑︁
𝜎∈𝑆𝑡

∞∑︁
𝑑1=1
· · ·

∞∑︁
𝑑𝑡=1

𝑡∏
𝑗=1
𝑈 𝑗 (𝑐), (A-1)

treating 𝑐 as a function of 𝜎, 𝑑1, . . . , 𝑑𝑡 . Changing the order of summations and multiplication,

defining 𝑔 𝑗 (𝜎) =
∑𝑡
𝑙= 𝑗 𝑛𝜎𝑙 , and using the geometric series

∑∞
𝑑=1 𝑥

𝑑 = 𝑥/(1 − 𝑥) for 𝑥 ∈ (0, 1),

∞∑︁
𝑑1=1
· · ·

∞∑︁
𝑑𝑡=1

𝑡∏
𝑗=1
𝑈 𝑗 (𝑐) =

(
1 + (1 − 𝑝)/𝑝𝛼

B(𝑛𝜎𝑡 + 1, 𝛼)

) 𝑡∏
𝑗=1

∞∑︁
𝑑 𝑗=1

(
𝑝𝛼

𝑔 𝑗 (𝜎) + 𝛼

)𝑑 𝑗

=

(
1 + (1 − 𝑝)/𝑝𝛼

B(𝑛𝜎𝑡 + 1, 𝛼)

) 𝑡∏
𝑗=1

𝑝𝛼

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝)

= 𝛼𝑡
𝑡∏
𝑗=1

𝑝 + 1( 𝑗 = 𝑡) (1 − 𝑝)/(𝛼B(𝑛𝜎𝑡 + 1, 𝛼))
𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝)

.

Combining with Equation A-1, this proves the result. □

We provide the complete statements of the two results from Nobile (1994).

Theorem A-1. Nobile (1994, Corollary 3.1) Assume 𝜙 ∈ Ω′ is identifiable up to permutation of

the mixture components. Let Π0 be the prior on Ω under the model defined by Equations 2-2

and 2-6, and assume Π0({𝜙 : ∃ 𝑖 ≠ 𝑗 such that 𝜃𝑖 = 𝜃 𝑗 }) = 0. Let Π′0 be the corresponding prior

on Ω′ induced by 𝜂. Then there is a subset Ω′0 ⊂ Ω′ with Π′0(Ω
′
0) = 1 such that for any

𝜙0 = (𝑘0, 𝑤
0
1, . . . , 𝑤

0
𝑘0
, 𝜃0

1, . . . , 𝜃
0
𝑘0
) ∈ Ω′0, if 𝑦1, 𝑦2, . . . | 𝜙0

𝑖𝑖𝑑∼ 𝑃𝜙0 , then as 𝑛→∞, we have

𝑃𝜖=0(𝜙 ∈ 𝐷 | 𝑦1:𝑛) → 1(𝜙0 ∈ 𝐷′) a.s.[𝑃𝜙0],

for any measurable subset 𝐷′ ⊂ Ω′ and 𝐷 = {𝜙 ∈ Ω : 𝜂(𝜙) ∈ 𝐷′}.
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Theorem A-2. Nobile (1994, Proposition 3.5) Under the same assumptions of Theorem A-1,

𝑃𝜖=0(𝐾 = 𝑘 | 𝑦1:𝑛) → 1(𝑘0 = 𝑘) a.s.[𝑃𝜙0] .

Proof of Theorem 2-2.

The first result is proved by Theorem A-2. The second result can be proved as follows.

Using the Theorem A-1, there is a subspace Ω′0 as described in the theorem such that if 𝜙0 ∈ Ω′0
then the posterior distribution of (𝑤, 𝜃) given 𝐾 = 𝑘0 and 𝑦1:𝑛 will converge to a uniform

distribution in which with equal probability the (𝑤, 𝜃) is one of the permutations of

(𝑤0
1, 𝜃

0
1), . . . , (𝑤

0
𝑘0
, 𝜃0
𝑘0
). This is because the transformation 𝜂 maps all of the permutations of

(𝑤0
1, 𝜃

0
1), . . . , (𝑤

0
𝑘0
, 𝜃0
𝑘0
) into the same one with a specific order. Define the random variables

𝑁𝑘 =
∑𝑛
𝑖=1 1(𝑐𝑖 = 𝑘) for 𝑘 = 1, . . . , 𝑘0. Then

𝑝𝜖=0(𝑁𝑘 = 0 | 𝐾 = 𝑘0, 𝑦1:𝑛)

= 𝑃𝜖=0(∩𝑛𝑖=1{𝑐𝑖 ≠ 𝑘} | 𝐾 = 𝑘0, 𝑦1:𝑛)

=

∫
𝑃𝜖=0(∩𝑛𝑖=1{𝑐𝑖 ≠ 𝑘} | 𝐾 = 𝑘0, 𝑤, 𝜃, 𝑦1:𝑛)P𝜖=0(𝑑𝑤, 𝑑𝜃 | 𝐾 = 𝑘0, 𝑦1:𝑛)

=

∫ 𝑛∏
𝑖=1

(
1 −

𝑤𝑘 𝑓𝜃𝑘 (𝑦𝑖)∑𝑘0
𝑙=1 𝑤𝑙 𝑓𝜃𝑙 (𝑦𝑖)

)
P𝜖=0(𝑑𝑤, 𝑑𝜃 | 𝐾 = 𝑘0, 𝑦1:𝑛)

≤
∫ 𝑛0∏

𝑖=1

(
1 −

𝑤𝑘 𝑓𝜃𝑘 (𝑦𝑖)∑𝑘0
𝑙=1 𝑤𝑙 𝑓𝜃𝑙 (𝑦𝑖)

)
P𝜖=0(𝑑𝑤, 𝑑𝜃 | 𝐾 = 𝑘0, 𝑦1:𝑛) (A-2)

for any given positive integer 𝑛0 and 𝑛 ≥ 𝑛0. Using the weak convergence of the posterior

distribution of the (𝑤, 𝜃) and the fact that the integrand is bounded and 𝑓𝜃 is continuous at all 𝜃0
𝑘
’s,

the Equation A-2 converges to

𝑘0∑︁
𝑘=1

1
𝑘0

𝑛0∏
𝑖=1

(
1 −

𝑤0
𝑘
𝑓𝜃0

𝑘
(𝑦𝑖)∑𝑘0

𝑙=1 𝑤
0
𝑙
𝑓𝜃0

𝑙
(𝑦𝑖)

)
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a.s.[𝑃𝜙0] when 𝑛→∞. Since Equation A-2 holds for any positive integer 𝑛0, we have

lim sup
𝑛→∞

𝑝𝜖=0(𝑁𝑘 = 0 | 𝐾 = 𝑘0, 𝑦1:𝑛) ≤
𝑘0∑︁
𝑘=1

1
𝑘0

∞∏
𝑖=1

(
1 −

𝑤0
𝑘
𝑓𝜃0

𝑘
(𝑦𝑖)∑𝑘0

𝑙=1 𝑤
0
𝑙
𝑓𝜃0

𝑙
(𝑦𝑖)

)
.

For every 𝑘 = 1, . . . , 𝑘0, there exists a measurable set 𝐷𝑘 with non-zero measure such that

𝑓𝜃0
𝑘
(𝑦) ≥ 𝛿𝑘 > 0 when 𝑦 ∈ 𝐷𝑘 , and all 𝑓𝜃0

𝑙
(𝑦) (𝑙 = 1, . . . , 𝑘0) are finite on 𝐷𝑘 . For every

𝑘 = 1, . . . , 𝑘0, there exists a sequence 𝑛𝑘1, 𝑛𝑘2, . . . such that 𝑦𝑛𝑘𝑖 ∈ 𝐷𝑘 (𝑖 = 1, 2, . . . ), a.s.[𝑃𝜙0].

Hence, for all 𝑖 ≥ 1, 𝑓𝜃0
𝑘
(𝑦𝑛𝑘𝑖 ) ≥ 𝛿𝑘 and

∑𝑘0
𝑙=1 𝑤

0
𝑙
𝑓𝜃0

𝑙
(𝑦𝑛𝑘𝑖 ) ≤ 𝑀 for some 𝑀 . Therefore,

∞∏
𝑖=1

(
1 −

𝑤0
𝑘
𝑓𝜃0

𝑘
(𝑦𝑖)∑𝑘0

𝑙=1 𝑤
0
𝑙
𝑓𝜃0

𝑙
(𝑦𝑖)

)
≤
∞∏
𝑖=1

(
1 −

𝑤0
𝑘
𝑓𝜃0

𝑘
(𝑦𝑛𝑘𝑖 )∑𝑘0

𝑙=1 𝑤
0
𝑙
𝑓𝜃0

𝑙
(𝑦𝑛𝑘𝑖 )

)
≤
∞∏
𝑖=1

(
1 −

𝑤0
𝑘
𝛿

𝑀

)
= 0,

which leads to 𝑝𝜖=0(𝑁𝑘 = 0 | 𝐾 = 𝑘0, 𝑦1:𝑛)
a.s.−→ 0 as 𝑛→∞. Hence, given 𝐾 = 𝑘0, the posterior

probability of having 𝑘0 clusters is

𝑃𝜖=0(𝑇 = 𝑘0 | 𝐾 = 𝑘0, 𝑦1:𝑛) = 𝑃𝜖=0(𝑁1 > 0, . . . , 𝑁𝑘0 > 0 | 𝐾 = 𝑘0, 𝑦1:𝑛)

= 1 − 𝑃𝜖=0(∪𝑘0
𝑘=1{𝑁𝑘 = 0} | 𝐾 = 𝑘0, 𝑦1:𝑛)

≥ 1 −
𝑘0∑︁
𝑘=1

𝑃𝜖=0(𝑁𝑘 = 0 | 𝐾 = 𝑘0, 𝑦1:𝑛) → 1

a.s.[𝑃𝜙0] as 𝑛→∞. Therefore,

𝑃𝜖=0(𝑇 = 𝑘0 | 𝑦1:𝑛) =
∞∑︁
𝑘=𝑘0

𝑃𝜖=0(𝑇 = 𝑘0 | 𝐾 = 𝑘, 𝑦1:𝑛)𝑃𝜖=0(𝐾 = 𝑘 | 𝑦1:𝑛)

≥ 𝑃𝜖=0(𝑇 = 𝑘0 | 𝐾 = 𝑘0, 𝑦1:𝑛)𝑃𝜖=0(𝐾 = 𝑘0 | 𝑦1:𝑛) → 1

a.s.[𝑃𝜙0] as 𝑛→∞. □

Proof of Theorem 2-3.
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For a given partition A, let 𝑡 = |A|. Define the following notation to represent the factors in

𝑃0,𝑛 (A) and 𝑃𝜖,𝑛 (A), respectively:

𝑈 𝑗 (𝜎) :=
𝑝 + 1( 𝑗 = 𝑡) (1 − 𝑝)/(𝛼B(𝛼, 𝑛𝜎𝑡 + 1))

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝)

𝑉 𝑗 (𝜎) :=
𝑝 + (1 − 𝑝)𝐼𝜖 (𝑔 𝑗+1(𝜎) + 𝛼, 𝑛𝜎𝑗

+ 1)/𝜖𝛼

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔 𝑗 (𝜎))

for 𝑗 = 1, . . . , 𝑡. When 𝑗 < 𝑡, we have

𝑈 𝑗 (𝜎) ≤ 𝑉 𝑗 (𝜎) (A-3)

since (1 − 𝑝)𝐼𝜖 (𝑔 𝑗+1(𝜎) + 𝛼, 𝑛𝜎𝑗
+ 1)/𝜖𝛼 > 0 and

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) > 𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔 𝑗 (𝜎)) > 0.

Meanwhile, for the case of 𝑗 = 𝑡, we have

𝑈𝑡 (𝜎)
𝑉𝑡 (𝜎)

(a)
≤
𝑝 + (1 − 𝑝)/(𝛼B(𝛼, 𝑛𝜎𝑡 + 1))
𝑝 + (1 − 𝑝)𝐼𝜖 (𝛼, 𝑛𝜎𝑡 + 1)/𝜖𝛼

(b)
≤

𝑝𝛼B(𝛼, 𝑛𝜎𝑡 + 1) + 1 − 𝑝
𝑝𝛼B(𝛼, 𝑛𝜎𝑡 + 1) + (1 − 𝑝) (1 − 𝛼𝜖𝑛𝜎𝑡/(𝛼 + 1))

= 1 +
(1 − 𝑝)𝛼𝜖𝑛𝜎𝑡/(𝛼 + 1)

𝑝𝛼B(𝛼, 𝑛𝜎𝑡 + 1) + (1 − 𝑝) (1 − 𝛼𝜖𝑛𝜎𝑡/(𝛼 + 1))
(c)
≤ 1 + 𝛼𝑛𝜖

𝛼 + 1 − 𝛼𝜖𝑛 ,

(A-4)

where (a) uses 𝑔𝜎𝑘
+ 𝛼(1 − 𝑝) > 𝑔𝜎𝑘

+ 𝛼(1 − 𝑝) (1 − 𝜖𝑔𝜎𝑘 ) > 0, (b) uses

𝛼B(𝛼, 𝑛𝜎𝑡 + 1)𝐼𝜖 (𝛼, 𝑛𝜎𝑡 + 1)
𝜖𝛼

=
𝛼

𝜖𝛼

∫ 𝜖

0
𝑥𝛼−1(1 − 𝑥)𝑛𝜎𝑡 𝑑𝑥 ≥ 𝛼

𝜖𝛼

∫ 𝜖

0
𝑥𝛼−1(1 − 𝑛𝜎𝑡𝑥) 𝑑𝑥

= 1 −
𝛼𝜖𝑛𝜎𝑡

𝛼 + 1
,

and (c) uses 𝑝𝛼B(𝛼, 𝑛𝜎𝑡 + 1) > 0, 𝑛𝜎𝑡 ≤ 𝑛, and the assumption that 𝜖 ≤ 1/𝑛.
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Using the exchangeable partition probability functions in Theorem 2-1 and Lemma 2-1,

along with Equations A-3, A-4 and A-7, we have

𝑃0,𝑛 (A)
𝑃𝜖,𝑛 (A)

=

∑
𝜎∈𝑆𝑡

∏𝑡
𝑗=1𝑈 𝑗 (𝜎)∑

𝜎∈𝑆𝑡
∏𝑡

𝑗=1𝑉 𝑗 (𝜎)
≤ 1 + 𝛼𝑛𝜖

𝛼 + 1 − 𝛼𝜖𝑛 (A-5)

for all partitions A. Therefore, the Kullback–Leibler divergence satisfies

𝐷KL(𝑃0,𝑛∥𝑃𝜖,𝑛) =
∑︁

A∈∪𝑛
𝑡=1H𝑡 (𝑛)

𝑃0,𝑛 (A) log
𝑃0,𝑛 (A)
𝑃𝜖,𝑛 (A)

≤
∑︁
A
𝑃0,𝑛 (A)

𝛼𝑛𝜖

𝛼 + 1 − 𝛼𝜖𝑛 =
𝛼𝑛𝜖

𝛼 + 1 − 𝛼𝜖𝑛 ,

where the sum is over all partitions of {1, . . . , 𝑛} and the inequality uses log(𝑥) ≤ 𝑥 − 1. The

result follows by Pinsker’s inequality. □

In the proof of Theorem 2-4, we employ the following two inequalities. Let 𝑥𝑖, 𝑦𝑖 ≥ 0 for all

𝑖 in some countable set 𝐼, such that
∑
𝑖∈𝐼 𝑥𝑖 > 0 and

∑
𝑖∈𝐼 𝑦𝑖 > 0. First, if 𝐴 ⊆ 𝐼 then����∑𝑖∈𝐴 𝑥𝑖∑

𝑖∈𝐼 𝑥𝑖
−

∑
𝑖∈𝐴 𝑦𝑖∑
𝑖∈𝐼 𝑦𝑖

���� = |∑𝑖′∈𝐴
∑
𝑖∈𝐼 𝑥𝑖′𝑦𝑖 −

∑
𝑖′∈𝐴

∑
𝑖∈𝐼 𝑥𝑖𝑦𝑖′ |∑

𝑖′,𝑖∈𝐼 𝑥𝑖′𝑦𝑖

=
|∑𝑖′∈𝐴

∑
𝑖∈𝐴𝑐 𝑥𝑖′𝑦𝑖 −

∑
𝑖′∈𝐴

∑
𝑖∈𝐴𝑐 𝑥𝑖𝑦𝑖′ |∑

𝑖′,𝑖∈𝐼 𝑥𝑖′𝑦𝑖

≤
∑
𝑖′∈𝐴

∑
𝑖∈𝐴𝑐 |𝑥𝑖′𝑦𝑖 − 𝑥𝑖𝑦𝑖′ |∑
𝑖′,𝑖∈𝐼 𝑥𝑖′𝑦𝑖

(A-6)

where 𝐴𝑐 = 𝐼 \ 𝐴. Second, if 𝑎𝑖 ≥ 0, 𝑦𝑖 > 0 for all 𝑖 ∈ 𝐼, 𝐴 ⊆ 𝐼, and
∑
𝑖∈𝐼 𝑎𝑖𝑦𝑖 > 0, then

∑
𝑖∈𝐴 𝑎𝑖𝑥𝑖∑
𝑖∈𝐼 𝑎𝑖𝑦𝑖

=

∑
𝑖∈𝐴 𝑎𝑖 (𝑥𝑖/𝑦𝑖)𝑦𝑖∑

𝑖∈𝐼 𝑎𝑖𝑦𝑖
≤

∑
𝑖∈𝐴 𝑎𝑖 (max 𝑗∈𝐴 𝑥 𝑗/𝑦 𝑗 )𝑦𝑖∑

𝑖∈𝐼 𝑎𝑖𝑦𝑖
≤ max

𝑖∈𝐴
𝑥𝑖/𝑦𝑖 . (A-7)

Proof of Theorem 2-4.

In Theorem 2-2, we proved posterior consistency of the number of clusters in the case of

𝜖 = 0, so we only need to show that |𝑃𝜖 (𝑛) (𝑇 = 𝑡 | 𝑦1:𝑛) − 𝑃𝜖=0(𝑇 = 𝑡 | 𝑦1:𝑛) | → 0 as 𝑛→∞. We

abbreviate 𝑦 = 𝑦1:𝑛 to reduce notational clutter. First, using Equation 2-5, for any integer
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1 ≤ 𝑡 ≤ 𝑛,

|𝑃𝜖 (𝑇 = 𝑡 | 𝑦) − 𝑃𝜖=0(𝑇 = 𝑡 | 𝑦) |

=

����� ∑
A∈H𝑡 (𝑛) 𝑃(𝑦 | A)𝑃𝜖,𝑛 (A)∑
A∈∪𝑛

𝑡=1H𝑡 (𝑛) 𝑃(𝑦 | A)𝑃𝜖,𝑛 (A)
−

∑
A∈H𝑡 (𝑛) 𝑃(𝑦 | A)𝑃0,𝑛 (A)∑
A∈∪𝑛

𝑡=1H𝑡 (𝑛) 𝑃(𝑦 | A)𝑃0,𝑛 (A)

�����
(a)
≤

∑
A′∈H𝑡 (𝑛)

∑
A∈∪𝑙≠𝑡H𝑙 (𝑛) 𝑃(𝑦 | A′)𝑃(𝑦 | A)|𝑃𝜖,𝑛 (A′)𝑃0,𝑛 (A) − 𝑃0,𝑛 (A′)𝑃𝜖,𝑛 (A)|∑

A′,A∈∪𝑛
𝑡=1H𝑡 (𝑛) 𝑃(𝑦 | A′)𝑃(𝑦 | A)𝑃𝜖,𝑛 (A′)𝑃0,𝑛 (A)

(b)
≤ max
A′∈H𝑡 (𝑛)

max
A∈∪𝑙≠𝑡H𝑙 (𝑛)

����1 − 𝑃0,𝑛 (A′)𝑃𝜖,𝑛 (A)
𝑃𝜖,𝑛 (A′)𝑃0,𝑛 (A)

����, (A-8)

where (a) and (b) are by Equations A-6 and A-7, respectively. To ensure that the denominators in

the preceding display are nonzero, there needs to exist at least one partition A ∈ ∪𝑛
𝑡=1H𝑡 (𝑛) such

that 𝑃(𝑦 | A) > 0, and this is indeed the case since (1) with probability 1, 𝑝(𝑦 | 𝜙0) > 0, and (2)

we assume the support of the prior G(𝜃) contains a neighborhood of each 𝜃0
𝑘

and the component

density 𝑓𝜃 is continuous (with respect to 𝜃) at each 𝜃0
𝑘
.

We use the same notation as in the proof of Theorem 2-3, where we have already proved that

𝑃0,𝑛 (A)
𝑃𝜖,𝑛 (A)

≤ 1 + 𝛼𝑛𝜖

𝛼 + 1 − 𝛼𝜖𝑛 (A-9)

for any partition A. Next, we construct an upper bound on the reciprocal, 𝑃𝜖,𝑛 (A)/𝑃0,𝑛 (A), by

upper bounding 𝑉 𝑗 (𝜎)/𝑈 𝑗 (𝜎) for each 𝑗 . We split the analysis into two cases: 𝑗 ≤ 𝑡 − 1 and 𝑗 = 𝑡.

Case 1: 𝑗 ≤ 𝑡 − 1. This implies 𝑔 𝑗+1(𝜎) ≥ 𝑡 − 𝑗 ≥ 1 since every cluster has at least one

element. Letting 𝑟 denote the integer such that 0 < 𝛼 − 𝑟 ≤ 1 (or equivalently,
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max(𝛼 − 1, 0) ≤ 𝑟 < 𝛼),

1
𝜖𝛼
𝐼𝜖 (𝑔 𝑗+1(𝜎) + 𝛼, 𝑛𝜎𝑗

+ 1)

≤ 1
𝜖𝛼B(𝑔 𝑗+1(𝜎) + 𝛼, 𝑛𝜎𝑗

+ 1)

∫ 𝜖

0
𝑥𝑔 𝑗+1 (𝜎)+𝛼−1 𝑑𝑥

=
Γ(𝑔 𝑗 (𝜎) + 𝛼 + 1)𝜖𝑔 𝑗+1 (𝜎)

Γ(𝑔 𝑗+1(𝜎) + 𝛼)Γ(𝑛𝜎𝑗
+ 1) (𝑔 𝑗+1(𝜎) + 𝛼)

= 𝜖𝑔 𝑗+1 (𝜎)
(𝑔 𝑗 (𝜎) + 𝛼) (𝑔 𝑗 (𝜎) + 𝛼 − 1) · · · (𝛼 − 𝑟)
(𝑔 𝑗+1(𝜎) + 𝛼) (𝑔 𝑗+1(𝜎) + 𝛼 − 1) · · · (𝛼 − 𝑟)

1
𝑛𝜎𝑗

!

= 𝜖𝑔 𝑗+1 (𝜎)
(
𝑔 𝑗+1 (𝜎)+𝑟∏
𝑚=0

𝑛𝜎𝑗
+ 𝛼 − 𝑟 + 𝑚
𝛼 − 𝑟 + 𝑚

) ( 𝑛𝜎𝑗∏
𝑚=1

𝑚 + 𝛼 − 𝑟 − 1
𝑚

)
(a)
≤ 𝜖𝑔 𝑗+1 (𝜎)

(
1 +

𝑛𝜎𝑗

𝛼 − 𝑟

)𝑔 𝑗+1 (𝜎)+𝑟+1
(b)
≤ 𝜖 𝑡− 𝑗

(
1 + 𝑛

𝛼 − 𝑟

) 𝑡− 𝑗+𝑟+1
for all 𝑛 sufficiently large, where (a) results from

(𝑛𝜎𝑗
+ 𝛼 − 𝑟 + 𝑚)/(𝛼 − 𝑟 + 𝑚) ≤ (𝑛𝜎𝑗

+ 𝛼 − 𝑟)/(𝛼 − 𝑟) for 𝑚 = 0, 1, . . . , 𝑔 𝑗+1(𝜎) + 𝑟 and

(𝑚 + 𝛼 − 𝑟 − 1)/𝑚 ≤ 1 for 𝑚 = 1, . . . , 𝑛𝜎𝑗
, and (b) uses 𝑛𝜎𝑗

≤ 𝑛, 𝜖 (1 + 𝑛/(𝛼 − 𝑟)) < 1 for all 𝑛

sufficiently large since 𝜖 = 𝜖 (𝑛) = 𝑜(1/𝑛), and 𝑔 𝑗+1(𝜎) ≥ 𝑡 − 𝑗 .

Combining this with

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝)
𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔 𝑗 (𝜎))

= 1 + 𝛼(1 − 𝑝)𝜖𝑔 𝑗 (𝜎)

𝑔 𝑗 (𝜎) + 𝛼(1 − 𝑝) (1 − 𝜖𝑔 𝑗 (𝜎))
≤ 1 + 𝛼(1 − 𝑝)𝜖, (A-10)

we have
𝑉 𝑗 (𝜎)
𝑈 𝑗 (𝜎)

≤
(
1 + 1 − 𝑝

𝑝
𝜖 𝑡− 𝑗

(
1 + 𝑛

𝛼 − 𝑟

) 𝑡− 𝑗+𝑟+1) (
1 + 𝛼(1 − 𝑝)𝜖

)
.

Case 2: 𝑗 = 𝑡. We have
𝑉𝑡 (𝜎)
𝑈𝑡 (𝜎)

≤ 1 + 𝛼(1 − 𝑝)𝜖
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since Equation A-10 holds when 𝑗 = 𝑡 and

𝐼𝜖 (𝛼, 𝑛𝜎𝑡 + 1)
𝜖𝛼

≤ 1
𝜖𝛼B(𝛼, 𝑛𝜎𝑡 + 1)

∫ 𝜖

0
𝑥𝛼−1 𝑑𝑥 =

1
𝛼B(𝛼, 𝑛𝜎𝑡 + 1) .

Thus, using the same expression as in Equation A-5,

𝑃𝜖,𝑛 (A)
𝑃0,𝑛 (A)

≤ max
𝜎∈𝑆𝑡

𝑡∏
𝑗=1

𝑉 𝑗 (𝜎)
𝑈 𝑗 (𝜎)

≤
(
1 + 𝛼(1 − 𝑝)𝜖

) 𝑡 𝑡−1∏
𝑗=1

(
1 + 1 − 𝑝

𝑝
𝜖 𝑡− 𝑗

(
1 + 𝑛

𝛼 − 𝑟

) 𝑡− 𝑗+𝑟+1)
≤

(
1 + 𝛼(1 − 𝑝)𝜖

)𝑛 (1 + 1 − 𝑝
𝑝

𝜖2
(
1 + 𝑛

𝛼 − 𝑟

)3+𝑟
)𝑛 (

1 + 1 − 𝑝
𝑝

𝜖

(
1 + 𝑛

𝛼 − 𝑟

)2+𝑟
)

(A-11)

since 𝑡 = |A| ≤ 𝑛 and 𝜖 (1 + 𝑛/(𝛼 − 𝑟)) < 1 for 𝑛 sufficiently large, because 𝜖 = 𝜖 (𝑛) = 𝑜(1/𝑛).

Since 𝜖 (𝑛) = 𝑜(1/𝑛2+𝑟), the upper bound on 𝑃𝜖 (𝑛),𝑛 (A)/𝑃0,𝑛 (A) in Equation A-11

converges to 1 as 𝑛→∞. Meanwhile, Equation A-9 provides a lower bound that also converges to

1. Since these upper and lower bounds depend only on 𝛼, 𝑟, 𝑝, 𝜖 , and 𝑛, they hold uniformly over

all A ∈ ∪𝑛
𝑡=1H𝑡 (𝑛). Hence, 𝑃𝜖 (𝑛),𝑛 (A)/𝑃0,𝑛 (A) → 1 uniformly over A, as 𝑛→∞. Therefore,

along with Equation A-8, this implies that

|𝑃𝜖 (𝑛) (𝑇 = 𝑡 | 𝑦) − 𝑃𝜖=0(𝑇 = 𝑡 | 𝑦) | ≤ max
A′∈H𝑡 (𝑛)

max
A∈∪𝑙≠𝑡H𝑙 (𝑛)

����1 − 𝑃0,𝑛 (A′)𝑃𝜖 (𝑛),𝑛 (A)
𝑃𝜖 (𝑛),𝑛 (A′)𝑃0,𝑛 (A)

���� −→ 0

as 𝑛→∞. □

Proof of Lemma 2-2.

To study the posterior distribution of the number of clusters 𝑝(𝑇 = 𝑡 | 𝑦1:𝑛), we will focus on

𝑝(𝑦1:𝑛, 𝑇 = 𝑡) =
∑︁

A∈H𝑡 (𝑛)
𝑝(𝑦1:𝑛 | A)𝑝(A) (A-12)

where A = {𝐴1, . . . , 𝐴𝑡}, 𝑝(𝑦1:𝑛 | A) =
∏

𝐴∈A 𝑚(𝑦𝐴), 𝑦𝐴 = (𝑦𝑖 : 𝑖 ∈ 𝐴), and

𝑚(𝑦𝐴) =
∫
Θ

(∏
𝑖∈𝐴 𝑓𝜃 (𝑦𝑖)

)
𝑑G(𝜃), as described at Equation 2-5. In this lemma,
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𝑓𝜃 (𝑦𝑖) = N(𝑦𝑖 | 𝜃, 1) and

𝑚(𝑦𝐴) =
1√︁
|𝐴| + 1

𝑓0(𝑦𝐴) exp
(
(∑𝑖∈𝐴 𝑦𝑖)2
2( |𝐴| + 1)

)
, (A-13)

where 𝑓0(𝑦𝐴) =
∏

𝑗∈𝐴 N(𝑦 𝑗 | 0, 1). Under the Dirichlet process prior, the probability mass

function on partitions is 𝑝(A) = 𝛼𝑡

𝛼 (𝑛)
∏𝑡
𝑖=1( |𝐴𝑖 | −1)! where 𝛼(𝑛) = 𝛼(𝛼 +1) · · · (𝛼 + 𝑛−1). Hence,

𝑝(𝑦1:𝑛, 𝑇 = 2)
𝑝(𝑦1:𝑛, 𝑇 = 1)

(a)
=

∑
A={𝐴1,𝐴2}∈H2 (𝑛) 𝑝(A)𝑚(𝑦𝐴1)𝑚(𝑦𝐴2)

P(A =
{
{1, . . . , 𝑛}

}
)𝑚(𝑦1:𝑛)

(b)
=

∑︁
A={𝐴1,𝐴2}∈H2 (𝑛)

[
𝛼2( |𝐴1 | − 1)!( |𝐴2 | − 1)!

𝛼(𝑛 − 1)! ×
√
𝑛 + 1√︁

|𝐴1 | + 1
√︁
|𝐴2 | + 1

× exp
( (∑𝑖∈𝐴1 𝑦𝑖)2

2( |𝐴1 | + 1)

)
exp

( (∑𝑖∈𝐴2 𝑦𝑖)2

2( |𝐴2 | + 1)

)
exp

(
−
(∑𝑛

𝑖=1 𝑦𝑖)2

2(𝑛 + 1)

)]
(c)
≤ 𝛼
√
𝑛 + 1

(𝑛 − 1)!
∑︁

A∈H2 (𝑛)

( |𝐴1 | − 1)!( |𝐴2 | − 1)!√︁
|𝐴1 | + 1

√︁
|𝐴2 | + 1

exp
(∑

𝑖∈𝐴1 𝑦
2
𝑖

2
+

∑
𝑖∈𝐴2 𝑦

2
𝑖

2

)
(d)
≤ 𝛼
√
𝑛 + 1

2(𝑛 − 1)! exp
(∑𝑛

𝑖=1 𝑦
2
𝑖

2

) ∑︁
A∈H2 (𝑛)

( |𝐴1 | − 1)!( |𝐴2 | − 1)!

=
𝛼
√
𝑛 + 1

2(𝑛 − 1)! exp
(∑𝑛

𝑖=1 𝑦
2
𝑖

2

) 𝑛−1∑︁
𝑖=1

1
2

(
𝑛

𝑖

)
(𝑖 − 1)!(𝑛 − 𝑖 − 1)!

=
𝛼
√
𝑛 + 1
2

exp
(∑𝑛

𝑖=1 𝑦
2
𝑖

2

) 𝑛−1∑︁
𝑖=1

𝑛

2𝑖(𝑛 − 𝑖)

=
𝛼
√
𝑛 + 1
2

exp
(∑𝑛

𝑖=1 𝑦
2
𝑖

2

) (
1 + 1

2
+ · · · + 1

𝑛 − 1

)
≤ 𝛼
√
𝑛 + 1
2

exp
(∑𝑛

𝑖=1 𝑦
2
𝑖

2

) (
log(𝑛 − 1) + 1

)
where (a) is using Equation A-12 for both numerator and denominator, (b) is using Equation A-13

and the probability mass function of A, (c) follows from (∑𝑛
𝑗=1 𝑦 𝑗 )2 ≥ 0 and Jensen’s inequality,

(d) is using 𝐴1 ∪ 𝐴2 = {1, . . . , 𝑛} and both |𝐴1 | and |𝐴2 | are greater than or equal to 1, and the last

inequality is induced from 1/𝑘 ≤ log(𝑘) − log(𝑘 − 1) for 𝑘 = 2, . . . , 𝑛 − 1.
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By the strong law of large numbers,

1
𝑛

𝑛∑︁
𝑖=1

𝑦2
𝑖

a.s.−−−−→
𝑛→∞

𝐸 (𝑦2
1) = 1 + 𝜅2/2.

Let 𝛿 = 𝐶 − (1/2 + 𝜅2/4), where by the assumption of the theorem, 𝐶 > 1/2 + 𝜅2/4 such that

𝛼 = 𝛼(𝑛) = 𝑜(exp(−𝐶 𝑛)). Then, almost surely, for all 𝑛 sufficiently large,
1

2𝑛
∑𝑛
𝑖=1 𝑦

2
𝑖
≤ 1/2 + 𝜅2/4 + 𝛿/2 = 𝐶 − 𝛿/2. Hence, almost surely,

lim sup
𝑛→∞

𝑝(𝑦1:𝑛, 𝑇 = 2)
𝑝(𝑦1:𝑛, 𝑇 = 1) ≤

𝛼(𝑛)
√
𝑛 + 1

2
exp

(
𝑛(𝐶 − 𝛿/2)

) (
log(𝑛 − 1) + 1

)
=

(
𝛼(𝑛) exp(𝐶 𝑛)

)
exp(−𝑛𝛿/2)

√
𝑛 + 1
2

(
log(𝑛 − 1) + 1

)
−→ 0

as 𝑛→∞. Therefore, we have the conclusion,

𝑝(𝑇 = 2 | 𝑦1:𝑛) =
𝑝(𝑦1:𝑛, 𝑇 = 2)∑∞
𝑡=1 𝑝(𝑦1:𝑛, 𝑇 = 𝑡) ≤

𝑝(𝑦1:𝑛, 𝑇 = 2)
𝑝(𝑦1:𝑛, 𝑇 = 1)

a.s.−→ 0.

□

A.2 Gibbs Sampling for Probit-Bernoulli Mixture Model

For sampling from the component parameters in the probit kernel, we introduce latent

variables 𝑍 (𝑠) , satisfying that 𝑌 (𝑠)
𝑖, 𝑗

= 1(𝑍 (𝑠)
𝑖, 𝑗
> 0) and 𝑍 (𝑠)

𝑖, 𝑗
follows N((𝜇 + 𝑀𝑐𝑠 )𝑖, 𝑗 , 1) for 𝑖 ≠ 𝑗 .

Given component assignment 𝑐𝑠 = 𝑘 , the conditional posterior distribution of the latent variables

are

𝑍
(𝑠)
𝑖, 𝑗
| 𝑐𝑠 = 𝑘 ∼ N{(𝑄𝑘Λ𝑘𝑄

T
𝑘 + 𝜇)𝑖, 𝑗 , 1}{1(𝑍

(𝑠)
𝑖, 𝑗
> 0, 𝑌 (𝑠)

𝑖, 𝑗
= 1) + 1(𝑍 (𝑠)

𝑖, 𝑗
< 0, 𝑌 (𝑠)

𝑖, 𝑗
= 0)},

𝑍
(𝑠)
𝑖,𝑖
| 𝑐𝑠 = 𝑘 ∼ N{(𝑄𝑘Λ𝑘𝑄

T
𝑘 + 𝜇)𝑖,𝑖, 2},
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which leads to

Π [𝑄𝑘 ,Λ𝑘 | {𝑍 (𝑠) , 𝑐𝑠}𝑛𝑠=1, 𝜇]

∝ exp
{

1
2

∑︁
𝑠:𝑐𝑠=𝑘

tr((𝑍 (𝑠) − 𝜇)𝑄𝑘Λ𝑘𝑄
T
𝑘 ) −

1
4

∑︁
𝑠:𝑐𝑠=𝑘

tr(Λ𝑘Λ𝑘 )
}
.

This allows us to update the component parameters from the closed-form full conditional:

𝑄𝑘 ∼ BMF
(
1
2

∑︁
𝑠:𝑐𝑠=𝑘

{𝑍 (𝑠) − 𝜇},Λ𝑘 , 0
)
,

𝜆𝑘,𝑙 ∼ N
{ [𝑄T

𝑘

∑
𝑠:𝑐𝑠=𝑘 (𝑍 (𝑠) − 𝜇)𝑄𝑘 ] 𝑙,𝑙
𝑛𝑘 + 2/𝜏2 ,

1
𝑛𝑘/2 + 1/𝜏2

}
1(𝜆𝑘,𝑙 > 0),

where BMF denotes the matrix Bingham-von Mises-Fisher distribution.

A.3 Additional Simulation Results

In this section, we first provide the simulation results when the component distribution is the

bivariate Gaussian distribution. Then we show a comparison between the quasi-Bernoulli mixture

and the Dirichlet process mixture with 𝛼(𝑛) → 0. Finally, we provide information on convergence

diagnostics and the running time of the algorithm.

A.3.1 Simulation Results with Bivariate Gaussian Mixtures

Figure A-1 plots the posterior distribution of the number of clusters 𝑇 at each 𝑛. Under the

quasi-Bernoulli mixture model (shown in blue), the posterior of 𝑇 concentrates to a point mass at

the true number of components (𝑘0 = 3) as 𝑛 grows, in accordance with our theory. On the other

hand, the posterior distributions of 𝑇 with the Dirichlet process mixture model and the Pitman–Yor

process mixture model fail to concentrate to a point mass at the true number of components.

As shown in Figure A-2, the MFM model suffers from slow mixing with high

auto-correlation even after thinning (effective sample size 15.3% on average of five experiments

with sample size 250); whereas the quasi-Bernoulli mixture model quickly shows a much faster

drop in the auto-correlation within a few lags (effective sample size 57.2%).
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Figure A-1. Posterior distribution on the number of clusters for data generated from a
three-component Gaussian mixture in R2. Using the quasi-Bernoulli mixture model,
the posterior probabilities of 𝑇 concentrate to a point mass at 𝑘0 = 3 for large 𝑛.
However, the posterior distributions of the calibrated Dirichlet process mixture model
and Pitman–Yor process mixture model do not concentrate to a point mass at 𝑘0 = 3.

A.3.2 Simulations on the Dirichlet Process Mixture with 𝛼(𝑛) → 0

To compare the quasi-Bernoulli mixture model with the Dirichlet process mixture model

under different rates of 𝛼(𝑛) → 0, we conduct additional experiments with univariate Gaussian

mixtures. The experimental settings are similar to the ones in Section 2.5.1, except that we

generate data from mixtures with smaller distances between the component centers:

0.3 N(−2, 12) + 0.4 N(0, 12) + 0.3 N(2, 12) under sample sizes 𝑛 ∈ {100, 250, 1000, 2500}. The

purpose is to examine if each model shows the trend of converging to the ground truth 𝑇 = 𝑘0 as 𝑛

increases, when the component distribution F has an unbounded support and clusters have large

overlaps.

For Dirichlet process mixture models, we use three rates 𝛼1(𝑛) = exp(−𝑛/10),

𝛼2(𝑛) = 4/log(𝑛) and 𝛼3(𝑛) = 20/𝑛. For quasi-Bernoulli mixture models, we use two rates

𝜖1(𝑛) = 𝑛−2.1 and 𝜖2(𝑛) = 𝑛−3.1. Figure A-3 shows the posterior distributions of the number of

clusters.
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(a) Trace on number of clusters (b) Auto-correlation (based on thinning at 25)

Figure A-2. The trace of the Markov chain on 𝑇 and auto-correlation functions for bivariate
Gaussian mixture data with sample size 250. Quasi-Bernoulli mixture model shows
much better mixing in the Markov chain, compared to the MFM model. We discard
the first 5,000 iterations as burn-ins and record the following 20,000 samples.

This empirical result suggests that one may be able to obtain posterior consistency on

estimating 𝑇 for the Dirichlet process mixture model with general F , by choosing an 𝛼→ 0 faster

than 4/log(𝑛) but slower than 20/𝑛, although the theory remains an open question. On the other

hand, the quasi-Bernoulli mixture models show almost no difference in the trend of convergence.

This is as expected, since both 𝑛−2.1 and 𝑛−3.1 satisfy the rate condition that guarantees

consistency on estimating 𝑇 .

A.3.3 Convergence Diagnostics and Timing Information

We use the Markov chain sample of 𝑇 (the number of clusters) for convergence diagnosis.

We choose 𝑇 because it is often the slowest-changing variable. As shown in Figure 3-2, the

auto-correlations for 𝑇 show a quick drop to an insignificant level, within as few lags after

thinning at 50. For each experiment, we run multiple chains from 5 randomly initialized points,

and compute the 𝑅̂ statistic (Gelman and Rubin, 1992). All of the experiments get 𝑅̂ close to 1,

which means that the Markov chains have converged.

We provide the timing information of our posterior sampling algorithms. The algorithms

are implemented in R, and run on a 4.0 GHz processor. For the model with univariate Gaussian

components, each iteration costs 0.0005, 0.0006, 0.0010, 0.0035, 0.0078 seconds for the sample

size 50, 100, 250, 1000, 2500, respectively. For the bivariate Gaussian case, the algorithm runs
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Figure A-3. Posterior distribution on the number of clusters for data generated from a
three-component univariate Gaussian mixture.

0.0029, 0.0236, 0.0945 seconds for each iteration for sample size 250, 1000, 2500, respectively.

When the component distribution is the Laplace distribution, the algorithm takes 0.0055, 0.1018,

0.2269, 0.3083 seconds for each iteration for sample size 50, 200, 500, 1000, respectively. For the

network model used in the data application, each iteration takes around 0.3 seconds.

A.4 Other Useful Results

Some useful results for understanding the Chapter 2 are provided.
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(a) Group 1 (36.6% of the
subjects)

(b) Group 2 (20.6% of the
subjects)

(c) Group 3 (42.8% of the
subjects)

Figure A-4. The MAP estimation of the mean of each Gaussian component under the mixture of
factor analyzers model.

Table A-1. Settings of the hyper-parameters for the Dirichlet processes and the Pitman–Yor
processes when sample sizes 𝑛 ∈ {50, 200, 500, 1000, 2500}. We match the
expectations of the number of clusters 𝑇 under the three priors, and also make the
variances of 𝑇 close under the Pitman-Yor process prior and the quasi-Bernoulli
process prior (with 𝑝 = 0.9). Each expectation and variance are approximated based
on 2 × 105 samples from the prior.

Dirichlet process Pitman–Yor process quasi-Bernoulli process

𝛼 E(𝑇) 𝛼 𝑑 E(𝑇) Var(𝑇) E(𝑇) Var(𝑇)

50 0.71 3.62 0.48 0.09 3.62 3.07 3.64 3.09

100 0.69 4.04 0.46 0.09 4.10 3.95 4.06 3.97

250 0.67 4.58 0.38 0.10 4.56 5.39 4.59 5.40

1000 0.63 5.25 0.29 0.11 5.25 8.25 5.28 7.92

2500 0.61 5.69 0.29 0.10 5.74 9.51 5.69 9.79
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Figure A-5. The probability of adding one or more new clusters for 𝑚 future data points
(𝑛 = 100). All of the parameters are chosen to be the same as Figure 2-1 except for
𝜖 = 𝜖 (𝑛, 𝑚) = 1/(𝑛 +𝑚)5. Under the prior, the Dirichlet process exhibits rapid growth
in this probability, favoring the creation of additional clusters a priori. Meanwhile,
the quasi-Bernoulli process exhibits much slower growth of this probability.
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APPENDIX B
APPENDIX FOR CHAPTER 3

B.1 Proofs

The proof of Theorem 3-2 uses a theorem from Miller (2021). We provide the complete

statement of that theorem as following.

Theorem B-1. Miller (2021, Theorem 5) Let Θ ⊆ R𝐷 . Let 𝐸 ⊆ Θ be open (in R𝐷) and bounded.

Fix 𝜃0 ∈ 𝐸 and let 𝜋 : Θ→ R be a probability density with respect to Lebesgue measure such that

𝜋 is continuous at 𝜃0 and 𝜋(𝜃0) > 0. Let 𝑓𝑛 : Θ→ R have continuous third derivatives on 𝐸 .

Suppose 𝑓𝑛 → 𝑓 pointwise for some 𝑓 : Θ→ R, 𝑓 ′′(𝜃0) is positive definite, and ( 𝑓 ′′′𝑛 ) is uniformly

bounded on E. If either of the following two assumptions is satisfied:

1. 𝑓 (𝜃) > 𝑓 (𝜃0) for all 𝜃 ∈ 𝐾\{𝜃0} and lim inf𝑛 inf𝜃∈Θ\𝐾 𝑓𝑛 (𝜃) > 𝑓 (𝜃0) for some compact

𝐾 ⊆ 𝐸 with 𝜃0 in the interior of 𝐾 , or

2. each 𝑓𝑛 is convex and 𝑓 ′(𝜃0) = 0,

then there is a sequence 𝜃𝑛 → 𝜃0 such that 𝑓 ′𝑛 (𝜃𝑛) = 0 for all 𝑛 sufficiently large, 𝑓𝑛 (𝜃𝑛) → 𝑓 (𝜃0),

defining 𝑚𝑛 =
∫
R𝐷 exp(−𝑛 𝑓𝑛 (𝜃))𝜋(𝜃) d𝜃 and 𝜋𝑛 (𝜃) = exp(−𝑛 𝑓𝑛 (𝜃))𝜋(𝜃)/𝑚𝑛, we have∫

𝐵𝜀 (𝜃0) 𝜋𝑛 (𝜃) d𝜃 −−−−→𝑛→∞
1 for all 𝜀 > 0, that is, 𝜋𝑛 concentrates at 𝜃0, and letting 𝑞𝑛 be the density

of
√
𝑛(𝜃 − 𝜃𝑛) when 𝜃 ∼ 𝜋𝑛, we have

∫
R𝐷

��𝑞𝑛 (𝑥) − N (
𝑥 | 0, 𝐻−1

0
) �� d𝑥 −−−−→

𝑛→∞
0, that is, 𝑞𝑛 converges

to N(0, 𝐻−1
0 ) in total variation, where 𝐻0 = 𝑓 ′′(𝜃0). Further, 2⇒ 1 under the assumptions of the

theorem.

Proof of Theorem 3-2. We show the following properties in the sense of 𝑎.𝑠.[𝑦1:𝑛].
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1. 𝑙𝑛 has continuous third derivatives on 𝐸 . Since 𝑙𝑛 has continuous third derivatives on

𝐸 × 𝑧𝑛 (𝐸) and 𝑧𝑛 has continuous third derivative, we have

𝑙′𝑛 (𝛽) =
𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽

����
𝜁=𝑧𝑛 (𝛽)

+ 𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽),

𝑙′′𝑛 (𝛽) =
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽2

����
𝜁=𝑧𝑛 (𝛽)

+ 2
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽)

+ [𝑧′𝑛 (𝛽)]⊤
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁2

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽) +
𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′′𝑛 (𝛽).

Then it is not hard to see that the property is satisfied.

2. 𝑙𝑛 → 𝑙∗ pointwise on Θ and −𝑙′′∗ (𝛽0) is positive definite. The first part is obvious as 𝑙𝑛 → 𝑙∗

and 𝑧𝑛 → 𝑧∗. To show −𝑙′′∗ (𝛽0) is positive definite, we have

𝑙′′∗ (𝛽0) =
𝜕2𝑙∗(𝛽0, 𝜁)

𝜕𝛽2

����
𝜁=𝑧∗ (𝛽0)

+ 2
𝜕2𝑙∗(𝛽0, 𝜁)
𝜕𝛽𝜕𝜁

����
𝜁=𝑧∗ (𝛽0)

𝑧′∗(𝛽0)

+ [𝑧′∗(𝛽0)]⊤
𝜕2𝑙∗(𝛽0, 𝜁)

𝜕𝜁2

����
𝜁=𝑧∗ (𝛽0)

𝑧′∗(𝛽0) +
𝜕𝑙∗(𝛽0, 𝜁)

𝜕𝜁

����
𝜁=𝑧∗ (𝛽0)

𝑧′′∗ (𝛽0)

=

[
𝐼𝑑 [𝑧′∗(𝛽0)]⊤

]
𝑙′′∗ (𝛽0, 𝑧∗(𝛽0))


𝐼𝑑

𝑧′∗(𝛽0)


where the second equation is using 𝜕𝑙∗ (𝛽0,𝜁)

𝜕𝜁

��
𝜁=𝑧∗ (𝛽0) = 0 to cancel out the last term. Note that

−𝑙′′∗ (𝛽, 𝑧∗(𝛽0)) is positive definite by Assumption 3-3.

3. 𝑙′′′𝑛 is uniformly bounded on 𝐸 . Since 𝑙′′′𝑛 and 𝑧′′′𝑛 are uniformly bounded, by the theorem 7 of

Miller (2021), 𝑙′𝑛, 𝑙′′𝑛 , 𝑧′𝑛 and 𝑧′′𝑛 are all uniformly bounded. Hence, 𝑙′′′𝑛 is uniformly bounded
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by the expansion of 𝑙′′′𝑛 :

𝑙′′′𝑛 (𝛽) =
𝜕3𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽3

����
𝜁=𝑧𝑛 (𝛽)

+ 3
𝜕3𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽2𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽)

+ 3[𝑧′𝑛 (𝛽)]⊤
𝜕3𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽𝜕𝜁2

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽) + [𝑧′𝑛 (𝛽)]⊤
𝜕3𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁3

����
𝜁=𝑧𝑛 (𝛽)

[𝑧′𝑛 (𝛽)]2

+ 3[𝑧′𝑛 (𝛽)]⊤
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁2

����
𝜁=𝑧𝑛 (𝛽)

𝑧′′𝑛 (𝛽) + 3
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′′𝑛 (𝛽)

+ 𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′′′𝑛 (𝛽).

4. for some compact 𝐾 ⊆ 𝐸 with 𝛽0 in the interior of 𝐾 , 𝑙∗(𝛽) > 𝑙∗(𝛽0) for all 𝛽 ∈ 𝐾\{𝛽0} and

lim inf𝑛 inf𝛽∈Θ\𝐾 𝑙𝑛 (𝛽) > 𝑙∗(𝛽0).

By Theorem B-1 with 𝑓𝑛 = −𝑙𝑛 and 𝑓 = −𝑙∗, 1–4 complete the proof. □

Proof of Corollary 3-1. We use the delta method to find the asymptotic distribution of
√
𝑛-adjusted 𝑧𝑛 (𝛽). Since convergence in total variation implies convergence in distribution (weak

convergence), the random vector
√
𝑛(𝛽 − 𝛽𝑛) ⇝ N(0, 𝐻−1

0 ). Using delta method, we can prove
√
𝑛{𝑧𝑛 (𝛽) − 𝑧𝑛 (𝛽𝑛)}⇝ N(0, 𝐻−1

𝑧 ) where 𝐻−1
𝑧 = 𝑧′∗(𝛽0)𝐻−1

0 𝑧′∗(𝛽0)⊤.

When 𝑔𝑛 (𝜁, 𝑦1:𝑛; 𝛽) = −𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽) with that the bridged posterior coincides with the

profile likelihood, the asymptotic variance above can be represented by the second derivatives of

𝑙∗. We first show that −𝐻0 = 𝑙′′∗ (𝛽0) = 𝑙∗,𝛽0𝛽0 − 𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0 , where 𝑙∗,𝛽0𝛽0 , 𝑙∗,𝜁0𝜁0 , 𝑙∗,𝜁0𝛽0 , 𝑙∗,𝛽0𝜁0

are respectively the second partial derivatives 𝜕2𝑙∗(𝛽, 𝜁)/𝜕𝛽2, 𝜕2𝑙∗(𝛽, 𝜁)/𝜕𝜁2, 𝜕2𝑙∗(𝛽, 𝜁)/𝜕𝜁𝜕𝛽,

𝜕2𝑙∗(𝛽, 𝜁)/𝜕𝛽𝜕𝜁 evaluating at 𝛽 = 𝛽0, 𝜁 = 𝜁0 = 𝑧∗(𝛽0).

Since in this case 𝜕𝑙𝑛 (𝛽,𝜁)
𝜕𝜁
|𝜁=𝑧𝑛 (𝛽) = 0, we have

0 =
𝜕

𝜕𝛽

{
𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

}
=
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁𝜕𝛽

����
𝜁=𝑧𝑛 (𝛽)

+ 𝜕
2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁2

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽).

Hence

𝑧′𝑛 (𝛽) = −
{
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁2

����
𝜁=𝑧𝑛 (𝛽)

}−1
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝜁𝜕𝛽

����
𝜁=𝑧𝑛 (𝛽)

.
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By Miller (2021, Theorem 7), we have 𝑙′′𝑛 → 𝑙′′∗ . Letting 𝑛→∞ and 𝛽 = 𝛽0, we have

𝑧′∗(𝛽0) = −𝑙−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0 . Now

𝑙′′𝑛 (𝛽) =
𝜕

𝜕𝛽

{
𝜕𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽

����
𝜁=𝑧𝑛 (𝛽)

}
=
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽𝜕𝜁

����
𝜁=𝑧𝑛 (𝛽)

𝑧′𝑛 (𝛽) +
𝜕2𝑙𝑛 (𝛽, 𝜁)
𝜕𝛽2

����
𝜁=𝑧𝑛 (𝛽)

.

Letting 𝑛→∞ and 𝛽 = 𝛽0, we have the result 𝑙′′∗ (𝛽0) = 𝑙∗,𝛽0𝛽0 − 𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0 .

We assume that both 𝑙∗,𝛽0𝛽0 and 𝑙∗,𝜁0𝜁0 are positive definite. The asymptotic variance of
√
𝑛{𝑧𝑛 (𝛽) − 𝑧𝑛 (𝛽𝑛)} is thus

𝑧′∗(𝛽0)𝐻−1
0 𝑧′∗(𝛽0)⊤ = −𝑙−1

∗,𝜁0𝜁0
𝑙∗,𝜁0𝛽0 (𝑙∗,𝛽0𝛽0 − 𝑙∗,𝛽0𝜁0 𝑙

−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0)−1𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

.

If we treat the latent variable 𝜁 as non-deterministic in the likelihood 𝐿 (𝑦, 𝜁 ; 𝛽) with some

prior, then Miller (2021) proves
√
𝑛
(
[𝛽 𝜁]⊤ − [𝛽𝑛 𝜁𝑛]⊤

)
⇝ 𝑁 (0, 𝐻̃−1

0 ) for some sequences 𝛽𝑛 and

𝜁𝑛 when (𝛽, 𝜁) ∼ Π(𝛽, 𝜁 | 𝑦), where 𝐻̃0 = −𝑙′′∗ (𝛽0, 𝜁0) and 𝜁0 is a fixed ground-truth of 𝜁 .

Marginally, the asymptotic variance of
√
𝑛(𝜁 − 𝜁𝑛) is the 𝜁-block of 𝐻̃−1

0 , which is equal to

−(𝑙∗,𝜁0𝜁0 − 𝑙∗,𝜁0𝛽0 𝑙
−1
∗,𝛽0𝛽0

𝑙∗,𝛽0𝜁0)−1 = −𝑙−1
∗,𝜁0𝜁0

− 𝑙−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0 (𝑙∗,𝛽0𝛽0 − 𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

𝑙∗,𝜁0𝛽0)−1𝑙∗,𝛽0𝜁0 𝑙
−1
∗,𝜁0𝜁0

.

Since −𝑙−1
∗,𝜁0𝜁0

is positive definite, the asymptotic variance of the 𝑗-th element of
√
𝑛(𝜁 − 𝜁𝑛) is

strictly greater than the one of the 𝑗-th element of
√
𝑛{𝑧𝑛 (𝛽) − 𝑧𝑛 (𝛽𝑛)}. □

Proof of Lemma 3-1. By the definition of the profile likelihood, we have

𝑙𝑛 (𝛽) = 𝑙𝑛 (𝛽, 𝑧𝛽) ≥ 𝑙𝑛{𝛽, 𝜁𝛽 (𝛽0, 𝑧𝛽0)}, so

𝑙𝑛 (𝛽) − 𝑙𝑛 (𝛽0) = 𝑙𝑛 (𝛽, 𝑧𝛽) − 𝑙𝑛 (𝛽0, 𝑧𝛽0)

≥ 𝑙𝑛{𝛽, 𝜁𝛽 (𝛽0, 𝑧𝛽0)} − 𝑙𝑛{𝛽0, 𝜁𝛽0 (𝛽0, 𝑧𝛽0)}

= 𝑙𝑛 (𝛽, 𝛽0, 𝑧𝛽0) − 𝑙𝑛 (𝛽0, 𝛽0, 𝑧𝛽0) (B-1)
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by using 𝜁𝛽 (𝛽, 𝜁) = 𝜁 for the second term. Similarly, 𝑙𝑛 (𝛽0) = 𝑙𝑛 (𝛽0, 𝑧𝛽0) ≥ 𝑙𝑛{𝛽0, 𝜁𝛽0 (𝛽, 𝑧𝛽)},

and hence

𝑙𝑛 (𝛽) − 𝑙𝑛 (𝛽0) = 𝑙𝑛 (𝛽, 𝑧𝛽) − 𝑙𝑛 (𝛽0, 𝑧𝛽0)

≤ 𝑙𝑛{(𝛽, 𝜁𝛽 (𝛽, 𝑧𝛽)} − 𝑙𝑛{𝛽0, 𝜁𝛽0 (𝛽, 𝑧𝛽)}

= 𝑙𝑛 (𝛽, 𝛽, 𝑧𝛽) − 𝑙𝑛 (𝛽0, 𝛽, 𝑧𝛽) (B-2)

by using 𝜁𝛽 (𝛽, 𝜁) = 𝜁 for the first term. Both Equations B-1 and B-2 are differences between

function 𝑙𝑛 evaluating at 𝛽 and the one at 𝛽0 while keeping the other arguments unchanged. They

have the Taylor expansion of the function 𝑙𝑛 with respect to the first argument,

(𝛽 − 𝛽0)⊤
𝜕𝑙𝑛 (𝑡, 𝜓, 𝑧𝜓)

𝜕𝑡

����
𝑡=𝛽0

+ 1
2
(𝛽 − 𝛽0)⊤

𝜕2𝑙𝑛 (𝑡, 𝜓, 𝑧𝜓)
𝜕𝑡2

����
𝑡=𝑡

(𝛽 − 𝛽0) (B-3)

where 𝑡 is somewhere between 𝛽 and 𝛽0, and 𝜓 can be 𝛽 or 𝛽0. By the assumption 1 in (B1), the

second term is equal to −(𝛽 − 𝛽0)⊤𝐻0(𝛽 − 𝛽0)/2 + 𝑜𝑃𝛽0 ,𝜁0
(1) (∥𝛽 − 𝛽0∥2). By the assumption 2 in

(B1), the first term is equal to

(𝛽 − 𝛽0)⊤ℎ𝑛 + (𝛽 − 𝛽0)⊤E𝛽0,𝜁0

𝜕𝑙𝑛 (𝑡, 𝛽, 𝑧𝛽)
𝜕𝑡

����
𝑡=𝛽0

+ 𝑜𝑃𝛽0 ,𝜁0
(1)

(
∥𝛽 − 𝛽0∥𝑛−1/2) .

Combining with Equation 3-10 and ∥𝛽 − 𝛽0∥𝑛−1/2 ≤
(
∥𝛽 − 𝛽0∥ + 𝑛−1/2)2, the first term of

Equation B-3 becomes (𝛽 − 𝛽0)⊤ℎ𝑛 + 𝑜𝑃𝛽0 ,𝜁0
(1)

{(
∥𝛽 − 𝛽0∥ + 𝑛−1/2)2}, and hence Equation 3-11 is

proved. □

Proof of Theorem 3-3. We have 𝜋𝑛 (𝛽) = exp{𝑛𝑙𝑛 (𝛽)}𝜋0(𝛽)/𝑚𝑛

where 𝑚𝑛 =
∫
R𝑑 exp{𝑛𝑙𝑛 (𝛽)}𝜋0(𝛽) d𝛽, and 𝑞𝑛 (𝑥) = 𝜋𝑛 (𝛽𝑛 + 𝑥/

√
𝑛)𝑛−𝑑/2. Let

𝑔𝑛 (𝑥) = 𝑞𝑛 (𝑥) exp{−𝑛𝑙𝑛 (𝛽𝑛)}𝑛𝑑/2𝑚𝑛 = exp[𝑛{𝑙𝑛 (𝛽𝑛 + 𝑥/
√
𝑛) − 𝑙𝑛 (𝛽𝑛)}]𝜋0(𝛽𝑛 + 𝑥/

√
𝑛)
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and define 𝑔0(𝑥) = exp{−𝑥⊤𝐻0𝑥/2}𝜋0(𝛽0). We first show that
∫
R𝑑 |𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥

𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0.

Denote the 𝜖 chosen from Lemma 3-1 as 𝜖0. Since 𝜋0 is continuous at 𝛽0, we choose sufficiently

small 𝜖 ∈ (0, 𝜖0/2) such that 𝜋0(𝛽) ≤ 2𝜋0(𝛽0) for all 𝛽 ∈ 𝐵2𝜖 (𝛽0). Let 𝛿 be the number from

Equation 3-12.

Murphy and Van der Vaart (2000, Corollary 1) shows that
√
𝑛∥𝛽𝑛 − 𝛽0∥ is bounded in

probability and for all 𝛽 ∈ 𝐵𝜖0 (𝛽0) and large enough 𝑛 such that 𝛽𝑛 ∈ 𝐵𝜖0 (𝛽0),

𝑙𝑛 (𝛽) − 𝑙𝑛 (𝛽𝑛) = −
1
2
(𝛽 − 𝛽𝑛)⊤𝐻0(𝛽 − 𝛽𝑛) + 𝑜𝑃𝛽0 ,𝜁0

(1)
{(
∥𝛽 − 𝛽𝑛∥ + 𝑛−1/2)2}

.

Letting 𝛽 = 𝛽𝑛 + 𝑥/
√
𝑛 with 𝑥 ∈ 𝐵𝜖√𝑛 (0) and large enough 𝑛 such that 𝛽𝑛 ∈ 𝐵𝜖0/2(0), we have

𝑛
{
𝑙𝑛 (𝛽𝑛 + 𝑥/

√
𝑛) − 𝑙𝑛 (𝛽𝑛)

}
= −1

2
𝑥⊤𝐻0𝑥 + 𝑜𝑃𝛽0 ,𝜁0

(1) (∥𝑥∥ + 1)2.

Combining with 𝜋0 is continuous at 𝛽0 and 𝛽𝑛 + 𝑥/
√
𝑛→ 𝛽0, we have 𝑔𝑛 (𝑥) → 𝑔0(𝑥) pointwise

with probability converge to 1. Consider 𝑛 > 1/𝜖2 sufficiently large such that the term

𝑜𝑃𝛽0 ,𝜁0
(1) < 𝛼/4 where 𝛼 is less than the smallest eigenvalue of 𝐻0. We denote 𝐴0 = 𝐻0 − 𝛼𝐼,

and define

ℎ𝑛 (𝑥) =


exp(−𝑥⊤𝐴0𝑥/2 + 𝛼/2)2𝜋0(𝛽0) if ∥𝑥∥ < 𝜖

√
𝑛,

exp(−𝑛𝛿/2)𝜋0(𝛽𝑛 + 𝑥/
√
𝑛) if ∥𝑥∥ ≥ 𝜖

√
𝑛.

When ∥𝑥∥ < 𝜖
√
𝑛, for 𝑛 large enough we have ∥(𝛽𝑛 + 𝑥/

√
𝑛) − 𝛽0∥ < ∥𝛽𝑛 − 𝛽0∥ + 𝜖 < 2𝜖 . By the

choice of 𝜖 , we have 𝜋0(𝛽𝑛 + 𝑥/
√
𝑛) ≤ 2𝜋0(𝛽0). Since (∥𝑥∥ + 1)2 ≤ 2∥𝑥∥2 + 2, we have

𝑜𝑃𝛽0 ,𝜁0
(1) (∥𝑥∥ + 1)2 ≤ 𝛼(∥𝑥∥2 + 1)/2 = 𝛼𝑥⊤𝑥/2 + 𝛼/2. Hence 𝑔𝑛 (𝑥) ≤ ℎ𝑛 (𝑥) with probability

converge to 1 for 𝑛 sufficiently large, combining with Equation 3-12 when ∥𝑥∥ ≥ 𝜖
√
𝑛.

Also, ℎ𝑛 (𝑥) → ℎ0(𝑥) = exp{−𝑥⊤𝐴0𝑥/2 + 𝛼/2}2𝜋0(𝛽0) pointwise. Now,∫
R𝑑

ℎ𝑛 (𝑥) d𝑥

=

∫
∥𝑥∥<𝜖

√
𝑛

exp(−𝑥⊤𝐴0𝑥/2) exp(𝛼/2)2𝜋0(𝛽0) d𝑥 +
∫
∥𝑥∥≥𝜖

√
𝑛

exp(−𝑛𝛿/2)𝜋0(𝛽𝑛 + 𝑥/
√
𝑛) d𝑥.
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The second term is less than∫
R𝑑 exp(−𝑛𝛿/2)𝜋0(𝛽𝑛 + 𝑥/

√
𝑛) d𝑥 = exp(−𝑛𝛿/2)

∫
R𝑑 𝜋0(𝛽)𝑛𝑑/2 d𝛽 = exp(−𝑛𝛿/2)𝑛𝑑/2 → 0,

while the first term monotonically converges to
∫
R𝑑 ℎ0(𝑥) d𝑥. Since 𝑔𝑛, 𝑔0, ℎ𝑛, ℎ0 are integrable,

by the generalized dominated convergence theorem (the version for convergence in probability),

we have
∫
R𝑑 |𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥

𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0 and
∫
R𝑑 𝑔𝑛 (𝑥) d𝑥

𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

∫
R𝑑 𝑔0(𝑥) d𝑥.

Let 𝑎𝑛 = 1/
∫
R𝑑 𝑔𝑛 (𝑥) d𝑥 and 𝑎0 = 1/

∫
R𝑑 𝑔0(𝑥) d𝑥. Then 𝑎𝑛 → 𝑎0 in 𝑃𝛽0,𝜁0-probability, and

thus ∫
R𝑑

����𝑞𝑛 (𝑥) − N (
𝑥 | 0, 𝐻−1

0
) ���� d𝑥 = ∫

R𝑑

|𝑎𝑛𝑔𝑛 (𝑥) − 𝑎0𝑔0(𝑥) | d𝑥

≤
∫

R𝑑

|𝑎𝑛𝑔𝑛 (𝑥) − 𝑎𝑛𝑔0(𝑥) | d𝑥 +
∫

R𝑑

|𝑎𝑛𝑔0(𝑥) − 𝑎0𝑔0(𝑥) | d𝑥

≤ |𝑎𝑛 |
∫

R𝑑

|𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥 + |𝑎𝑛 − 𝑎0 |
∫

R𝑑

|𝑔0(𝑥) | d𝑥
𝑃𝛽0 ,𝜁0−−−−→
𝑛→∞

0.

This proves dTV
{
𝑞𝑛,N

(
0, 𝐻−1

0
)} 𝑃𝛽0 ,𝜁0−−−−→

𝑛→∞
0, and Equation 3-13 follows from (Miller, 2021, Lemma

28). □

B.2 An Illustration of Least Favorable Submodel

The Hilbert space H̃ highly depends on the parameter spaceH . To illustrate how this

works, we show an example from the Cox regression model without censoring.

Example B-1 (Cox regression model without censoring). Consider the density function of the

survival time (𝑦1, . . . , 𝑦𝑛) where 𝑦𝑖 ∈ R+ : R ∩ [0,∞] with covariates (𝑥1, . . . , 𝑥𝑛) where 𝑥𝑖 ∈ R:

𝐿 (𝑦1:𝑛, 𝜁 ; 𝛽) =
𝑛∏
𝑖=1

exp(𝛽𝑥𝑖)𝜁 (𝑦𝑖) exp{− exp(𝛽𝑥𝑖)𝑍 (𝑦𝑖)},

where the parameter 𝛽 ∈ R and 𝑍 (𝑦) =
∫ 𝑦

0 𝜁 (𝑦) d𝑦. The latent variable 𝜁 is a “hazard function”,

which is a non-negative integrable function on R+, and belongs to the Hilbert spaceH = 𝐿1(R+).

The “cumulative hazard function” 𝑍 is a non-negative and non-decreasing function on R+. In

regard to the model, we have

𝑙𝑛 (𝛽, 𝜁) =
𝑛∑︁
𝑖=1
{𝛽𝑥𝑖 + log 𝜁 (𝑦𝑖) − exp(𝛽𝑥𝑖)𝑍 (𝑦𝑖)}/𝑛,
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and the 𝛽-score function is ¤𝑙𝑛 (𝛽, 𝜁) =
∑𝑛
𝑖=1{𝑥𝑖 − 𝑥𝑖 exp(𝛽𝑥𝑖)𝑍 (𝑦𝑖)}/𝑛.

Let 𝐻 = 𝐿2(R+). Given a fixed function 𝜁0 and a bounded function 𝛿 ∈ 𝐻, we can define a

path {𝜁 𝛿𝛾 ∈ H}𝛾∈R by 𝜁 𝛿𝛾 (𝑦) = {1 + (𝛾 − 𝛽0)𝛿(𝑦)}𝜁0(𝑦) for all 𝑦 ∈ R+. It satisfies that 𝜁 𝛿𝛾 → 𝜁0 in

H when 𝛾 → 𝛽0. Also, we define 𝑍𝛿𝛾 (𝑦) =
∫ 𝑦

0 {1 + (𝛾 − 𝛽0)𝛿(𝑦)}𝜁0(𝑦) d𝑦 correspondingly. Now,

plugging 𝜁 𝛿𝛾 into 𝑙𝑛 (𝛽0, 𝜁) as 𝜁 and differentiating it at 𝛾 = 𝛽0, we get the 𝜁-score function at

𝜁 = 𝜁0 in the direction of 𝛿 by

𝐴𝑛𝛽0,𝜁0
𝛿 =

𝑛∑︁
𝑖=1
{𝛿(𝑦𝑖) − exp(𝛽0𝑥𝑖)

∫ 𝑦𝑖

0
𝛿(𝑦)𝜁0(𝑦) d𝑦}/𝑛.

B.3 Comparison with Existing BvM Results on Semi-parametric Models

There is a rich theory literature on BvM results on semi-parametric models. Naturally, it is

of interest to compare our results with them, contextualizing and clarifying our contribution. The

existing results can roughly be divided into two categories. The first is similar to our focused

setting where the posterior is obtained under a profile likelihood. Lee et al. (2005a) showed that

E𝛽∼Π(𝛽 |𝑦)𝑔{
√
𝑛(𝛽 − 𝛽𝑛)} converges to E𝑢∼N(0,𝐼−1

0 )
𝑔(𝑢) in probability, assuming a Taylor expansion

form and for iid data. Their condition is similar to Equation 3-11, and on the other hand, they do

not give the result of the posterior density converging to normal density in total variation. Cheng

and Kosorok (2008) showed a BvM result for the posterior induced from profile likelihood for iid

probability model, under the assumption that the third derivatives exist. Compared to their result,

ours is general in the sense that it is applicable to non-iid data and under potential

non-differentiability.

The second category of BvM results relate to canonical Bayesian methodology involving

integrated posterior Π(𝛽 | 𝑦) =
∫
Π(𝛽, d𝜁 | 𝑦) over a non-deterministic 𝜁 . Bickel and Kleijn

(2012) proved a BvM result for marginal posterior distribution of 𝛽 using the LAN property for

the marginal likelihood of 𝛽, which has similar form with Equation 3-11. On the other hand, they

additionally assume that the marginal posterior probability of 𝛽 inside the neighborhood

𝐵𝑀𝑛/
√
𝑛 (𝛽0) converges to 1 for every 𝑀𝑛 →∞. This condition is similar to but arguably stronger
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than Equation 3-12. Castillo and Rousseau (2015) proved a BvM result on a functional of the

parameters, under an essentially necessary no-bias condition which is related to both the

likelihood and the prior specification of (𝛽, 𝜁).

In Bickel and Kleijn (2012), to get the LAN property for the marginal likelihood of 𝛽, they

first assume that a neighborhood of 𝑧 has enough prior mass, and the parameter space of 𝑧 has

bounded Hellinger metric entropy (covering number). They assume that for 𝑧 outside a

neighborhood of the fixed 𝑧0, the Hellinger distances between the likelihood at 𝛽0 + ℎ𝑛/
√
𝑛 and the

one at 𝛽0 are uniformly (with respect to 𝑧) infinitesimal for every bounded ℎ𝑛. Finally, assuming

that the least favorable submodel exists, that is a submodel 𝑙𝑛 (𝛽, 𝑧𝛽) with parameters (𝛽, 𝑧𝛽)

satisfying Q ¤𝑙𝑛 (𝛽, 𝑧𝛽) =
𝜕𝑙𝑛 (𝛽, 𝑧𝛽)

𝜕𝛽
for all 𝛽 in a neighborhood of 𝛽0, the conditional posterior

distribution of 𝑧 can be shown to concentrate around the parameter of the least favorable submodel

𝑧𝛽, that is the probability that the Hellinger distance between 𝑧 and 𝑧𝛽 is greater than a positive

number converges to zero. This leads to the marginal LAN property assuming that the full

likelihood has LAN property in the direction of 𝛽 when the 𝑧 is perturbed around the least

favorable submodel, that is 𝑧 = 𝑧𝛽 + 𝜁 for all 𝜁 in a neighborhood of 0.

In Castillo and Rousseau (2015), let ℎ be the least favorable direction satisfying

P ¤𝑙𝑛 (𝛽0, 𝑧0) = 𝐴𝛽0,𝑧0ℎ. Let 𝛽𝑡 = 𝛽 − 𝑡 𝐼−1
0 /
√
𝑛, and 𝑧𝑡 = 𝑧 + 𝑡ℎ𝐼−1

0 /
√
𝑛. Assume over the direction

of ℎ, the log full likelihood has the LAN property with a remainder term, and the difference

between the remainder terms at (𝛽, 𝑧) and at (𝛽𝑡 , 𝑧𝑡) converges to zero. Further, suppose that the

ratio between the integral of the likelihood under the prior at (𝛽𝑡 , 𝑧𝑡) and the one at (𝛽, 𝑧) converge

to 1 for all (𝛽, 𝑧). They proved the BvM theorem where the mean is 𝛽0 plus the first order term of

the LAN expansion.

B.4 Algorithms

B.4.1 Algorithm of Sampling Missing Outcomes in Bayesian Maximum Margin Classifier

We represent the data as 𝑥1, . . . , 𝑥𝑚, (𝑥𝑚+1, 𝑦𝑚+1), . . . , (𝑥𝑛, 𝑦𝑛), where 𝑦1, . . . , 𝑦𝑚 are

missing. We randomly initialize the missing values by using a Bernoulli with 𝑝 = 0.5. For

notational ease, we re-define 𝑔(𝑤, 𝑏; 𝑦1, . . . , 𝑦𝑛) =
∑𝑛
𝑖=1{1 − 𝑦𝑖 (𝑤𝑥𝑖 + 𝑏)}+ where 𝑤 is 𝑧𝑤 and 𝑏 is
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𝑧𝑏. Then, at the (𝑡 + 1)-th step, given 𝛽 = 𝛽𝑡 and 𝑦𝑡1, . . . , 𝑦
𝑡
𝑚, the Metropolis–Hastings sampler

iterates following. For 𝑠 = 1, 1 + 𝑏, . . . , 1 + (𝐵 − 1)𝑏, we update 𝑦𝑠, . . . , 𝑦𝑠+𝑏−1 at the same time,

which is denoted as a small batch, with batch size 𝑏, and total 𝐵 batches. We use 𝐵 = 4 and 𝑏 = 40.

1. Calculate the optimal 𝑤 and 𝑏 using

𝑤, 𝑏 = arg min𝑤,𝑏 𝑔(𝑤, 𝑏; 𝑦𝑡+11 , . . . , 𝑦𝑡+1
𝑠−1, 𝑦

𝑡
𝑠, . . . , 𝑦

𝑡
𝑚, 𝑦𝑚+1, . . . , 𝑦𝑛) + 𝛽∥𝑤∥22. (The first 𝑠

variables have been updated by the former batches.)

2. Propose (𝑦∗𝑠 , . . . , 𝑦∗𝑠+𝑏−1) from the distribution 𝑦∗
𝑠+ 𝑗 ∼ 𝑝 𝑗𝛿1(·) + (1 − 𝑝 𝑗 )𝛿−1(·) where

𝑝 𝑗 =
exp{−(1 − (𝑤𝑥 𝑗 + 𝑏))+}

exp{−(1 − (𝑤𝑥 𝑗 + 𝑏))+)} + exp{−(1 + (𝑤𝑥 𝑗 + 𝑏))+}

3. Calculate new 𝑤′ and 𝑏′ by using 𝑤′, 𝑏′ =

arg min𝑤,𝑏 𝑔(𝑤, 𝑏; 𝑦𝑡+11 , . . . , 𝑦𝑡+1
𝑠−1, 𝑦

∗
𝑠 , . . . , 𝑦

∗
𝑠+𝑏−1, 𝑦

𝑡
𝑠+𝑏, . . . , 𝑦

𝑡
𝑚, 𝑦𝑚+1, . . . , 𝑦𝑛) + 𝛽∥𝑤∥22.

4. Accept (𝑦𝑡+1𝑠 , . . . , 𝑦𝑡+1
𝑠+𝑏−1) = (𝑦

∗
𝑠 , . . . , 𝑦

∗
𝑠+𝑏−1) with probability min{1, 𝑟}. If reject, keep the

previous values. Here

𝑟 =

∏𝑏−1
𝑗=0 𝑔(𝑦𝑡𝑠+ 𝑗 , 𝑤′, 𝑏′)∏𝑏−1
𝑗=0 𝑔(𝑦∗𝑠+ 𝑗 , 𝑤, 𝑏)

𝐿 (𝑦∗𝑠 , . . . , 𝑦∗𝑠+𝑏−1, 𝑤
′, 𝑏′)

𝐿 (𝑦𝑡𝑠, . . . , 𝑦𝑡𝑠+𝑏−1, 𝑤, 𝑏)

where

𝑔(𝑦∗𝑠+ 𝑗 , 𝑤, 𝑏) =
exp{−(1 − 𝑦∗

𝑠+ 𝑗 (𝑤𝑥𝑠+ 𝑗 + 𝑏))+}
exp{−(1 − (𝑤𝑥𝑠+ 𝑗 + 𝑏))+)} + exp{−(1 + (𝑤𝑥𝑠+ 𝑗 + 𝑏))+}

,

𝑔(𝑦𝑡𝑠+ 𝑗 , 𝑤′, 𝑏′) =
exp{−(1 − 𝑦𝑡

𝑠+ 𝑗 (𝑤′𝑥𝑠+ 𝑗 + 𝑏′))+}
exp{−(1 − (𝑤′𝑥𝑠+ 𝑗 + 𝑏′))+)} + exp{−(1 + (𝑤′𝑥𝑠+ 𝑗 + 𝑏′))+}

,

𝐿 (𝑦∗𝑠 , . . . , 𝑦∗𝑠+𝑏−1, 𝑤
′, 𝑏′)

= exp
{
−
[
𝑔(𝑤′, 𝑏′; 𝑦𝑡+11 , . . . , 𝑦𝑡+1𝑠−1, 𝑦

∗
𝑠 , . . . , 𝑦

∗
𝑠+𝑏−1, 𝑦

𝑡
𝑠+𝑏, . . . , 𝑦

𝑡
𝑚, 𝑦𝑚+1, . . . , 𝑦𝑛) + 𝛽∥𝑤′∥22

]}
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and
𝐿 (𝑦𝑡𝑠, . . . , 𝑦𝑡𝑠+𝑏−1, 𝑤, 𝑏)

= exp
{
−
[
𝑔(𝑤, 𝑏; 𝑦𝑡+11 , . . . , 𝑦𝑡+1𝑠−1, 𝑦

𝑡
𝑠, . . . , 𝑦

𝑡
𝑚, 𝑦𝑚+1, . . . , 𝑦𝑛) + 𝛽∥𝑤∥22

]}
B.4.2 ADMM for Optimization Problem in Data Application

To solve the optimization problem

min
𝜁

1
2
∥L − 𝜁 ∥2 + 𝛽∥𝜁 ∥∗ subject to 𝜁 ∈ R𝑛×𝑛, 𝜁𝑖,𝑖 =

∑︁
𝑗 : 𝑗≠𝑖

𝜁𝑖, 𝑗 , 𝜁𝑖, 𝑗 = 𝜁 𝑗 ,𝑖 ≤ 0 for 𝑖 ≠ 𝑗 ,

we use ADMM under constraints and log-barrier:

min
𝜁,𝑍

1
2
∥L − 𝜁 ∥2 + 𝜌

∑︁
(𝑖, 𝑗):𝑖≠ 𝑗

{− log(−𝜁𝑖, 𝑗 )} + 𝛽∥𝑍 ∥∗ +
𝜂

2
∥𝜁 − 𝑍 +𝑊 ∥2

subject to 𝜁𝑖,𝑖 = −
∑︁
𝑗 : 𝑗≠𝑖

𝜁𝑖, 𝑗 , 𝜁𝑖, 𝑗 = 𝜁 𝑗 ,𝑖 ≤ 0 for 𝑖 ≠ 𝑗 ,

where𝑊 = 𝑊𝑇 is the Lagrangian multiplier. The ADMM algorithm iterates the following steps:

1. Constrained gradient descent for 𝜁 : set 𝜁 to be

arg min𝜁
1
2
∥L − 𝜁 ∥2 + 𝜌

∑︁
(𝑖, 𝑗):𝑖≠ 𝑗

{− log(−𝜁𝑖, 𝑗 )} +
𝜂

2
∥𝜁 − 𝑍 +𝑊 ∥2

subject to 𝜁𝑖,𝑖 = −
∑︁
𝑗 : 𝑗≠𝑖

𝜁𝑖, 𝑗 , 𝜁𝑖, 𝑗 = 𝜁 𝑗 ,𝑖 for 𝑖 ≠ 𝑗 .

The constraints are easy to satisfy, by restricting the free parameters to {𝜁𝑖, 𝑗 }𝑖> 𝑗 , and setting

𝜁𝑖,𝑖 = −
∑
𝑗<𝑖 𝜁𝑖, 𝑗 −

∑
𝑗>𝑖 𝜁 𝑗 ,𝑖.

2. Minimizing over 𝑍: set 𝑍 = 𝑆𝛽/𝜂 (𝜁 +𝑊) where 𝑆𝛽/𝜂 (𝑋) =
∑𝑛
𝑖=1(𝜎𝑖 − 𝛽/𝜂)+𝑢𝑖𝑣𝑇𝑖 , and

𝑋 = 𝑈diag(𝜎𝑖)𝑉 is the singular value decomposition. The solution of this step satisfies the

conditions of symmetry and the rows add to zero.

3. Updating𝑊 : set𝑊 to be 𝜁 − 𝑍 +𝑊 .
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B.4.3 Gibbs Sampler for Data Application

The Gibbs sampler for the posterior computation of the data application iterates the

following steps:

1. Sample 𝛽. Sequentially for 𝑠 = 1, . . . , 𝑆: sample 𝛽𝑠 from the discrete distribution

Π(𝛽𝑠 = 𝑥) ∝ exp

{
−
||𝐿 (𝑠)

𝑌
− 𝐿̂ (𝑠)𝑥 | |2𝐹
2𝜎2 − 𝑥∥ 𝐿̂

(𝑠)
𝑥 ∥∗
𝜎2 −

∑︁
𝑘≠𝑠

𝑑2
(
𝐿̂
(𝑘)
𝛽𝑘
, 𝐿̂
(𝑠)
𝑥

)
4𝑆𝜏

}
.

2. Sample 𝜏 from its full conditional posterior distribution

Inverse-Gamma
(
𝑆 − 1

2
+ 𝛼𝜏,

1
4𝑆

𝑆−1∑︁
𝑠=1

𝑆∑︁
𝑘=𝑠+1

𝑑2
(
𝐿̂
(𝑘)
𝛽𝑘
, 𝐿̂
(𝑠)
𝛽𝑠

)
+ 𝑧𝜏

)
.

3. Sample 𝜎2 from its full conditional posterior distribution

Inverse-Gamma
(
3𝑆
2
+ 𝛼𝜎,

1
2

𝑆∑︁
𝑠=1
| |𝐿 (𝑠)

𝑌
− 𝐿̂ (𝑠)

𝛽𝑠
| |2𝐹 +

𝑆∑︁
𝑠=1

𝛽𝑠∥ 𝐿̂ (𝑠)𝛽𝑠 ∥∗ + 𝑧𝜎
)
.
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APPENDIX C
APPENDIX FOR CHAPTER 4

C.1 Proofs

Proof of Theorem 4-1. Let 𝐴0 := ∇2
𝑧𝑧ℎ(𝛽0, 𝑧0; 𝑦), and consider a mapping:

𝐺 (𝛽, 𝑧) = 𝑧 − 𝐴−1
0 ∇𝑧ℎ(𝛽, 𝑧; 𝑦),

for which a fixed point 𝑧 of 𝐺 (𝛽, ·) satisfies 𝐺 (𝛽, 𝑧) = 𝑧 ⇒ ∇𝑧ℎ(𝛽, 𝑧; 𝑦) = 0. We can now show

𝐺 (𝛽, ·) is a contraction for 𝑧 inside a neighborhood of 𝑧0 defined via the Hessian ∇2
𝑧𝑧ℎ(𝛽, 𝑧; 𝑦).

Since ∇𝑧𝐺 (𝛽0, 𝑧0) = 𝐼 − 𝐴−1
0 𝐴0 = 0, by the continuity of ∇2

𝑧𝑧ℎ(𝛽, 𝑧; 𝑦), we can find 𝑧 in a

neighborhood of 𝑧0, B(𝑧0, 𝑘; 𝛽0) := {𝑧 : ∥∇𝑧𝐺 (𝛽0, 𝑧)∥𝑜𝑝 = ∥𝐼 − 𝐴−1
0 ∇

2
𝑧𝑧ℎ(𝛽0, 𝑧; 𝑦)∥𝑜𝑝 ≤ 𝑘 < 1},

by the mean value theorem, 𝐺 (𝛽0, ·) is a contraction in B(𝑧0, 𝑘; 𝛽0), i.e.

∥𝐺 (𝛽0, 𝑧0) − 𝐺 (𝛽0, 𝑧)∥ ≤ 𝑘 ∥𝑧0 − 𝑧∥. It follows that

∥𝑧 − 𝑧0∥ = ∥𝐺 (𝛽0, 𝑧) − 𝐺 (𝛽0, 𝑧0) + 𝑧 − 𝐺 (𝛽0, 𝑧)∥

≤ 𝑘 ∥𝑧 − 𝑧0∥ + ∥𝑧 − 𝐺 (𝛽0, 𝑧)∥

= 𝑘 ∥𝑧 − 𝑧0∥ + ∥𝐴−1
0 ∇𝑧ℎ(𝛽, 𝑧; 𝑦)∥

≤ 𝑘 ∥𝑧 − 𝑧0∥ + ∥𝐴−1
0 ∥𝑜𝑝𝜖

= 𝑘 ∥𝑧 − 𝑧0∥ + 𝜆−1
min(𝐴0)𝜖 .

Rearranging terms yields the result. □

Proof of Lemma 4-1. Let 𝜂, 𝛾 be any given positive numbers. By the Assumption 4-1, there

exists a large enough 𝑁 such that

𝑃𝛽0,𝑧0

(
Π [𝑑𝐻{𝑧, 𝑧(𝛽); 𝛽} < 𝜌𝑛 | 𝛽 = 𝛽𝑛; 𝑦] > 𝑒−𝜂

)
> 1 − 𝛾

for all 𝑛 > 𝑁 . Let 𝐷 (𝛽𝑛, 𝜌𝑛) = {𝑧 : 𝑑𝐻{𝑧, 𝑧(𝛽𝑛); 𝛽𝑛} < 𝜌𝑛}. Note that

Π(𝑧 | 𝛽 = 𝛽𝑛) = 𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)/
∫
H 𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) = 𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)/𝑆𝑛 (𝛽𝑛), we have
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Π [𝑑𝐻{𝑧, 𝑧(𝛽); 𝛽} < 𝜌𝑛 | 𝛽 = 𝛽𝑛; 𝑦] =
∫
𝐷 (𝛽𝑛,𝜌𝑛) 𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧)/𝑆𝑛 (𝛽𝑛). Hence,

𝑃𝛽0,𝑧0

(
log

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) − log 𝑆𝑛 (𝛽𝑛) > −𝜂
)
> 1 − 𝛾 .

We only need to prove log
∫
𝐷 (𝛽𝑛,𝜌𝑛) 𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) satisfies the conclusion of Lemma 4-1.

We define the events 𝐹𝑛 (𝑧, 𝜖) = {supℎ𝑛 |ℎ
T
𝑛𝐻𝑛 (𝑧)ℎ𝑛 − ℎT

𝑛𝐻0ℎ𝑛 | ≤ 𝜖}. Then∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧)

=

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖) dΠ0(𝑧) +
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐
𝑛 (𝑧,𝜖) dΠ0(𝑧) .

Now, the integral of the second term∫ ∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐
𝑛 (𝑧,𝜖) dΠ0(𝑧)d𝑃𝛽0,𝑧0 (𝑦)

=

∫
𝐷 (𝛽𝑛,𝜌𝑛)

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐

𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧).

using Fubini’s theorem. Using the Fatou’s lemma with Assumption 4-3 as a domination condition,

we have
lim sup
𝑛→∞

∫
𝐷 (𝛽𝑛,𝜌𝑛)

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐

𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

≤
∫

lim sup
𝑛→∞

1𝐷 (𝛽𝑛,𝜌𝑛)
∫

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐
𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

=

∫
lim sup
𝑛→∞

1𝑧=𝑧(𝛽𝑛)
∫

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑐
𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

(𝑎)
= 0,

where (a) is using 𝐹𝑐𝑛 {𝑧(𝛽𝑛), 𝜖} → ∅. Hence,

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) =
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖) dΠ0(𝑧) + 𝑜𝑃𝛽0 ,𝑧0
(1).
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Let 𝐴𝑛 (𝑧, 𝜖) = {|𝑟𝑛 (ℎ𝑛, 𝑧) | ≤ 𝜖}. Then∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖) dΠ0(𝑧)

=

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧) +
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑐
𝑛 (𝑧,𝜖) dΠ0(𝑧) .

Similarly, the integral of the second term∫ ∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑐
𝑛 (𝑧,𝜖) dΠ0(𝑧)d𝑃𝛽0,𝑧0 (𝑦)

=

∫
𝐷 (𝛽𝑛,𝜌𝑛)

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑐

𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧).

using Fubini’s theorem. Using the Fatou’s lemma with Assumption 4-3 as a domination condition,

we have
lim sup
𝑛→∞

∫
𝐷 (𝛽𝑛,𝜌𝑛)

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑐

𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

≤
∫

lim sup
𝑛→∞

1𝐷 (𝛽𝑛,𝜌𝑛)
∫

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑐
𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

(𝑎)
≤

∫
lim sup
𝑛→∞

∫
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐴𝑐

𝑛 (𝑧,𝜖) d𝑃𝛽0,𝑧0 (𝑦)dΠ0(𝑧)

(𝑏)
= 0,

where (a) is using 1𝐹𝑛 (𝑧,𝜖) ≤ 1 and 1𝐷 (𝛽𝑛,𝜌𝑛) ≤ 1, and (b) is using 𝑟𝑛 (ℎ𝑛, 𝑧) = 𝑜𝑃𝛽0 ,𝑧0
(1). Hence,

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) =
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧) + 𝑜𝑃𝛽0 ,𝑧0
(1). (C-1)

Let 𝑁 large enough such that 𝜌𝑛 < 𝛿 for all 𝑛 > 𝑁 . For all 𝑧 satisfying 𝑑𝐻{𝑧, 𝑧(𝛽𝑛); 𝛽𝑛} < 𝜌𝑛, we

have 𝑙𝑛 (𝛽𝑛, 𝑧) = 𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} − 1
2ℎ

T
𝑛𝐻𝑛 (𝑧)ℎ𝑛 + 𝑟𝑛 (ℎ𝑛, 𝑧) by Assumption 4-2. Therefore,∫

𝐷 (𝛽𝑛,𝜌𝑛)
𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

=

∫
𝐷 (𝛽𝑛,𝜌𝑛)

exp
{
𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} −

1
2
ℎT
𝑛𝐻𝑛 (𝑧)ℎ𝑛 + 𝑟𝑛 (ℎ𝑛, 𝑧)

}
1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧).
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For all 𝑦 ∈ 𝐹𝑛 (𝑧, 𝜖) ∩ 𝐴𝑛 (𝑧, 𝜖), we have

−1
2
ℎT
𝑛𝐻0ℎ𝑛 − 2𝜖 ≤ −1

2
ℎT
𝑛𝐻𝑛 (𝑧)ℎ𝑛 + 𝑟𝑛 (ℎ𝑛, 𝑧) ≤ −

1
2
ℎT
𝑛𝐻0ℎ𝑛 + 2𝜖,

so we have the lower and upper bounds∫
𝐷 (𝛽𝑛,𝜌𝑛)

exp
{
𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} −

1
2
ℎT
𝑛𝐻0ℎ𝑛 − 2𝜖

}
1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤
∫
𝐷 (𝛽𝑛,𝜌𝑛)

exp
{
𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} −

1
2
ℎT
𝑛𝐻0ℎ𝑛 + 2𝜖

}
1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧).

Especially, when ℎ𝑛 = 0 and 𝛽𝑛 = 𝛽𝑛, we have 𝑙𝑛 (𝛽𝑛, 𝑧) = 𝑙𝑛 [𝛽𝑛, 𝑧(𝛽𝑛)] + 𝑟𝑛 (ℎ𝑛, 𝑧). Hence,∫
𝐷 (𝛽𝑛,𝜌𝑛)

exp(𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} − 𝜖)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤
∫
𝐷 (𝛽𝑛,𝜌𝑛)

exp(𝑙𝑛{𝛽𝑛, 𝑧(𝛽𝑛)} + 𝜖)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧).

We combine the above two group of inequalities to induce

exp
{
−1

2
ℎT
𝑛𝐻0ℎ𝑛 − 3𝜖

} ∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤ exp
{
−1

2
ℎT
𝑛𝐻0ℎ𝑛 + 3𝜖

} ∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧).

Hence,
− 1

2
ℎT
𝑛𝐻0ℎ𝑛 − 3𝜖 + log

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤ log
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧)

≤ −1
2
ℎT
𝑛𝐻0ℎ𝑛 + 3𝜖 + log

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦)1𝐹𝑛 (𝑧,𝜖)1𝐴𝑛 (𝑧,𝜖) dΠ0(𝑧).
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By Equation C-1, we have

− 1
2
ℎT
𝑛𝐻0ℎ𝑛 − 3𝜖 + log

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) + 𝑜𝑃𝛽0 ,𝑧0
(1)

≤ log
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧)

≤ −1
2
ℎT
𝑛𝐻0ℎ𝑛 + 3𝜖 + log

∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) + 𝑜𝑃𝛽0 ,𝑧0
(1).

Hence, we have

log
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) = log
∫
𝐷 (𝛽𝑛,𝜌𝑛)

𝐿𝑛 (𝛽𝑛, 𝑧; 𝑦) dΠ0(𝑧) −
1
2
ℎT
𝑛𝐻0ℎ𝑛 + 𝑜𝑃𝛽0 ,𝑧0

(1).

This suffices to prove Lemma 4-1. □

Proof of Theorem 4-2. We have 𝜋𝑛 (𝛽) = exp{𝑠𝑛 (𝛽)}𝜋0(𝛽)/𝑚𝑛

where 𝑚𝑛 =
∫
R𝑑 exp{𝑠𝑛 (𝛽)}𝜋0(𝛽) d𝛽, and 𝑞𝑛 (𝑥) = 𝜋𝑛 (𝛽𝑛 + 𝑥/

√
𝑛)𝑛−𝑑/2. Let

𝑔𝑛 (𝑥) = 𝑞𝑛 (𝑥) exp{−𝑠𝑛 (𝛽𝑛)}𝑛𝑑/2𝑚𝑛 = exp{𝑠𝑛 (𝛽𝑛 + 𝑥/
√
𝑛) − 𝑠𝑛 (𝛽𝑛)}𝜋0(𝛽𝑛 + 𝑥/

√
𝑛)

and define 𝑔0(𝑥) = exp{−𝑥T𝐻0𝑥/2}𝜋0(𝛽0). We first show that
∫
𝐵
|𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥

𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

0,

where 𝐵 = {𝑥 : ∥𝑥∥ ≤ 𝑀} for any fix positive number 𝑀 . Since 𝜋0 is continuous at 𝛽0, we choose

sufficiently small 𝜖 such that 𝜋0(𝛽) ≤ 2𝜋0(𝛽0) for all 𝛽 ∈ 𝐵𝜖 (𝛽0).

By Lemma 4-1, 𝜋0 is continuous at 𝛽0 and 𝛽𝑛 + 𝑥/
√
𝑛→ 𝛽0, we have 𝑔𝑛 (𝑥) → 𝑔0(𝑥)

pointwise with probability converge to 1. Consider 𝑛 sufficiently large such that the term

𝑜𝑃𝛽0 ,𝑧0
(1) < 𝛼/2 where 𝛼 is less than the smallest eigenvalue of 𝐻0. We denote 𝐴0 = 𝐻0 − 𝛼𝐼, and

define

ℎ0(𝑥) = exp(−𝑥T𝐴0𝑥/2)2𝜋0(𝛽0).

When ∥𝑥∥ ≤ 𝑀 , for 𝑛 large enough we have ∥(𝛽𝑛 + 𝑥/
√
𝑛) − 𝛽0∥ < 𝜖 . By the choice of 𝜖 , we have

𝜋0(𝛽𝑛 + 𝑥/
√
𝑛) ≤ 2𝜋0(𝛽0). Hence 𝑔𝑛 (𝑥) ≤ ℎ0(𝑥) with probability converge to 1 for 𝑛 sufficiently

large. Since 𝑔𝑛, 𝑔0, ℎ0 are integrable, by the dominated convergence theorem (the version for
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convergence in probability), we have
∫
𝐵
|𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥

𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

0 and∫
𝐵
𝑔𝑛 (𝑥) d𝑥

𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

∫
𝐵
𝑔0(𝑥) d𝑥.

Let 𝑎𝑛 = 1/
∫
𝐵
𝑔𝑛 (𝑥) d𝑥 and 𝑎0 = 1/

∫
𝐵
𝑔0(𝑥) d𝑥. Then 𝑎𝑛 → 𝑎0 in 𝑃𝛽0,𝑧0-probability, and

thus ∫
𝐵

����𝑞𝑛 (𝑥)∫
𝐵
𝑞𝑛
− N𝐵

(
𝑥 | 0, 𝐻−1

0
) ���� d𝑥 = ∫

𝐵

|𝑎𝑛𝑔𝑛 (𝑥) − 𝑎0𝑔0(𝑥) | d𝑥

≤
∫
𝐵

|𝑎𝑛𝑔𝑛 (𝑥) − 𝑎𝑛𝑔0(𝑥) | d𝑥 +
∫
𝐵

|𝑎𝑛𝑔0(𝑥) − 𝑎0𝑔0(𝑥) | d𝑥

≤ |𝑎𝑛 |
∫
𝐵

|𝑔𝑛 (𝑥) − 𝑔0(𝑥) | d𝑥 + |𝑎𝑛 − 𝑎0 |
∫
𝐵

|𝑔0(𝑥) | d𝑥
𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

0.

Then we can choose slowly enough increasing 𝑀𝑛 →∞ such that

∫
𝐵𝑛

���� 𝑞𝑛 (𝑥)∫
𝐵𝑛
𝑞𝑛
− N𝐵𝑛

(
𝑥 | 0, 𝐻−1

0
) ���� 𝑑𝑥 𝑃𝛽0 ,𝑧0−−−−→

𝑛→∞
0

where 𝐵𝑛 = {𝑥 : ∥𝑥∥ ≤ 𝑀𝑛}. By Bickel and Kleijn (2012, Lemma 6.1), Equation 4-11 implies

Π(𝐵𝑐𝑛) =
∫
𝐵𝑐
𝑛
𝑞𝑛 (𝑥) 𝑑𝑥

𝑃𝛽0 ,𝑧0−−−−→
𝑛→∞

0. Since ∥Π − Π𝐵∥ ≤ 2Π(𝐵𝑐), this proves

dTV
{
𝑞𝑛,N

(
0, 𝐻−1

0
)} 𝑃𝛽0 ,𝑧0−−−−→

𝑛→∞
0, and Equation 4-12 from Miller (2021, Lemma 28). □

C.2 Additional Simulation Results

C.2.1 Flow Network

Figure C-1 and C-2 show the traces of the Markov chains of the posterior samples of 𝑧 and 𝛽

in Section 4.5.
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(a) Using our suggested inverse mass matrix

(b) Using the default adapted matrix as the inverse mass

Figure C-1. Traceplots of Markov chain for sampling the posterior of 𝑧 using different choices of
inverse mass matrix.

(a) Using our suggested inverse mass matrix

(b) Using the default adapted matrix as the inverse mass

Figure C-2. Traceplots of Markov chains for sampling the posterior of 𝛽 using different choices of
inverse mass matrix.
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C.2.2 Latent Normal Model

We use another numerical experiment on latent normal model (Example 3-3) to illustrate

the advantage of the dual form. This formulation corresponds to a latent Gaussian process model

for binary classification, where 𝑧 acts as an underlying continuous latent variable governing the

probability of success.

Introducing the Lagrange multiplier 𝛼 ∈ R𝑛, the Lagrangian dual function takes the form:

ℎ†(𝛽, 𝛼; 𝑦) = −1
2
𝛼T𝑄(𝛽; 𝑥)𝛼 −

𝑛∑︁
𝑖=1

{
(𝛼𝑖 + 𝑦𝑖) log(𝛼𝑖 + 𝑦𝑖) + (1 − 𝛼𝑖 − 𝑦𝑖) log(1 − 𝛼𝑖 − 𝑦𝑖)

}
subject to 𝛼𝑖 + 𝑦𝑖 ∈ (0, 1) (𝑖 = 1, . . . , 𝑛). Strong duality holds in this setting, ensuring that

sup𝛼 ℎ†(𝛽, 𝛼; 𝑦) = inf𝑧 ℎ(𝛽, 𝑧; 𝑦), where the optimal solutions satisfy 𝑧 = −𝑄(𝛽; 𝑥)𝛼̂ with

𝑧 = arg inf𝑧 ℎ(𝛽, 𝑧; 𝑦) and 𝛼̂ = arg sup𝛼 ℎ†(𝛽, 𝛼; 𝑦). This allows us to reparameterize

𝑧 = −𝑄(𝛽; 𝑥)𝛼, and then use −ℎ† as the gradient-bridge function, leading to the gradient-bridged

posterior:

𝐿 (𝑦; 𝛽, 𝛼) ∝ 𝑔{𝑦; 𝛽,−𝑄(𝛽; 𝑥)𝛼} exp
{
−𝜆∥∇𝛼ℎ†(𝛽, 𝛼; 𝑦)∥22

}
,

where we can explicitly calculate

∇𝛼ℎ†(𝛽, 𝛼; 𝑦) = −𝑄(𝛽; 𝑥)𝛼 − log(𝛼 + 𝑦) + log(1 − 𝛼 − 𝑦) .

This guarantees that the conditional maximum likelihood estimator is 𝛼 = 𝛼̂, which coincides

with 𝑧 = −𝑄(𝛽; 𝑥)𝛼̂.

A key advantage of this approach is that neither the gradient-bridge function nor its gradient

with respect to 𝛼 requires the inversion 𝑄−1, significantly improving the posterior computational

efficiency. Additionally, evaluating 𝑔(𝑦; 𝛽, 𝑧) remains quick since 𝑧T𝑄−1(𝛽; 𝑥)𝑧 = 𝛼T𝑄(𝛽; 𝑥)𝛼.

To simulate data for benchmarking, we generate 1000 random locations

𝑥1, . . . , 𝑥1000 ∼ Uniform(−6, 6). The ground truth latent curve 𝑧 is defined using a cubic spline

interpolation with 20 control points, which are evenly spaced along [−6, 6], with their
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corresponding 𝑧-values sampled from Uniform(−3, 3). The spline is evaluated at each 𝑥𝑖 to

produce 𝑧𝑖. Finally, binary observations are generated as 𝑦𝑖 ∼ Bernoulli
[
1/{1 + exp(−𝑧𝑖)}

]
.

We fit the gradient-bridged posterior, the bridged posterior and the Gibbs posterior to the

simulated data. For all models, we assign independent Ga−1(2, 0.1) priors on 𝜏 and 𝑏. We use

no-u-turn sampler for the gradient-bridged posterior and the Gibbs posterior, and use random

walk Metropolis for the bridged posterior.

We run each MCMC algorithm for 10, 000 iterations and discard the first 4, 000 as burn-ins,

and apply thinning at 20. Figure C-3 shows the traces of the first 3 elements of 𝑤, and the

autocorrelation functions for all elements of 𝑤. The mixing performance is very good. Figure C-4

shows the mixing of the parameters 𝑏 and 𝜏.

Figure C-3. The trace of the Markov chain of posterior samples for the first 3 components of 𝑤,
and the autocorrelation functions for all elements of 𝑤.

Figure C-4. Traces and autocorrelation functions for the posterior samples of 𝑏 and 𝜏.

We compare the posterior distributions of parameters (𝜏, 𝑏). As can be seen in Figure C-5,

these distributions show a similar range of 𝜏 and 𝑏. Since the distributions of 𝜏 or 𝑏 arise from

different models, their distributions are not expected to align precisely.
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Figure C-5. The posterior distributions of the covariance kernel parameters 𝜏 and 𝑏 for the
gradient-bridged posterior (left), the bridged posterior (middle) and the Gibbs
posterior (right).

C.3 Data Preprocessing for Single-cell Data Integration

The preprocessing of the panc8 dataset is conducted by first grouping the data based on

sequencing technology. Within each group, gene expression levels are standardized to ensure

comparability. Then, highly variable genes are identified to capture the most informative features,

followed by the application of principal component analysis. The number of principal components

to retain is determined using a scree plot, with five components selected as the optimal choice.

To standardize sample sizes across all technology groups, the group with the smallest

number of samples is identified, and denoted as 𝑋∗raw. Cell types within 𝑋∗raw containing 20 or

fewer samples are removed to prevent the influence of small sample sizes on integration. For the

remaining groups, downsampling is performed using stratified sampling to ensure that the sample

counts for each cell type matched those in 𝑋∗raw. If the available sample count for a given cell type

in a group is insufficient to meet the target, additional samples are randomly drawn from other cell

types within the group to maintain the overall sample size. This procedure ensured consistency in

sample sizes across all groups while preserving the distribution of cell types.

162



APPENDIX D
APPENDIX FOR CHAPTER 5: MNIST HANDWRITTEN DIGIT IMAGES

In this section, additional experiment results are shown using the MNIST data.

The MNIST data is used to illustrate the CDE when 𝑥 is discrete. This dataset contains

70, 000 processed images of handwritten digits, each having 28 × 28 pixels. We use 60, 000 for

training purposes and the remaining for testing. Each image 𝑦𝑖 is associated with a discrete label

𝑥𝑖 recording the ground-truth digit from 0 to 9.

The structure of this dataset is very similar to FashionMNIST (Xiao et al., 2017) which is

used in the main paper, and the same models as in Section 3.1 is used. The latent 𝑧𝑃,𝑖 is chosen to

be 𝑧(3)1:16,1,1. Unsurprisingly, the results corresponding to this dataset is quite similar to the ones

from the FashionMNIST dataset.

(a) Glow (b) Glow-Mix (c) AP-CDE

Figure D-1. Latent representations estimated by three models applied on the MNIST training set.
For Glow and Glow-Mix models, since the latent are in high dimensions, the UMAP
is used to reduce the dimensions to 2. Neither of them produces interpretable latent
presentations, whereas AP-CDE model does the latent that can be easily separated
into groups.

Figure D-1 plots the latent representations produced by Glow, Glow-Mix and AP-CDE. For

AP-CDE, the latent 𝑧(3)1:2,1,1 is used as the 𝑧𝑃,𝑖 for a better illustration in two dimensional reduction.

For Glow and Glow-Mix, the UMAP (McInnes et al., 2018) is used to reduce the dimension and

plot its output in 2D. For AP-CDE, the latent 𝑧𝑃,𝑖 is provided. As expected, the latent variable

produced by Glow follows a simple spherical Gaussian, and thus is not interpretable. The

Glow-Mix does not produce a meaningful result either. Using AP-CDE and the supervising label
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information form 𝑥𝑖, we obtain a good separation of the ten digits based on the low-dimensional

representation 𝑧𝑃,𝑖 ∈ R2 (shown in Figure D-1(c)).

Under the working model using 𝑧(3)1:16,1,1 as 𝑧𝑃,𝑖, for the testing set, we obtain 𝑧𝑃,𝑖 and predict

the label via the trained logistic regression model [using arg max𝑘∈{0,...,9} 𝑓𝑥 |𝑧𝑃 (𝑘 | 𝑇𝑃𝜃 (𝑦𝑖))] to

obtain classification accuracy of 98.5%. Empirically it is shown that the low-dimensional

representation 𝑧𝑃,𝑖 contains almost all the information to separate the different classes. As

described in Section 3.1, we employ the ResNet101 to classify the artificially generated images

from the proposed AP-CDE model with fixed 𝑧𝑃,𝑖’s, and find that 96.14% of them are still

classified to the same class label as the 𝑦𝑖’s. Hence, it is concluded that the 𝑧𝑁,𝑖 largely

corresponds to within-class variation, whereas 𝑧𝑃,𝑖 captures between-class variation.

Table D-1. The averages of the bits per dimension on the training and the testing sets of MNIST
data.

Models Glow Glow-Mix Glow-CDE Glow-NCDE AP-CDE
Training set 1.01 1.02 1.03 1.23 1.01
Testing set 1.01 1.03 1.04 1.28 1.01

As seen in Figure D-1(c), 𝑥𝑖 tends to make each group of 𝑧𝑖’s (each group corresponding to a

digit) more concentrated to their respective center, which leads us to compare the marginal

densities 𝑓𝑦 (𝑦𝑖) with the ones from competing methods. Table D-1 depicts the average of the

log-densities on the training and the testing sets for all models. Clearly, for this dataset, AP-CDE,

likely due to a better group-wise concentration, produces overall higher or not lower marginal

densities compared to its competitors. Note that bits per dimension is the negative log density

over the number of dimensions.

Further, the latent 𝑧𝑃,𝑖 is colored using the magnitude of the bits per dimension

(Figure D-2). In the result, those points with relatively high BPM values (low density values) tend

to correspond to images of low quality or higher ambiguity regarding the digit class. The easier

classified classes have relatively higher densities. To show this, we plot a few sampled digits in

Figure D-3 and sort each row by the density value in increasing order. It can be seen that the

images on the left tend to be harder to assign to a class, compared to the ones on the right.
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(a) Training set. (b) Testing set.

Figure D-2. The first two dimensions of the latent variables from AP-CDE, colored by the
estimated densities in the scale of bits per dimension.

Figure D-3. Sample images from the MNIST data, with each row sorted in the increasing order of
estimated densities.
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Ismaël Castillo and Judith Rousseau. A Bernstein–von Mises theorem for smooth functionals in
semiparametric models. The Annals of Statistics, 43(6):2353–2383, 2015.
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